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THE APRIL MEETING OF THE SAN FRANCISCO 
SECTION. 


THE nineteenth regular meeting of the San Francisco Section 
of the American Mathematical Society was held at Stanford 
University on Saturday, April 8, 1911. The following mem- 
bers were present : 

Professor R. E. Allardice, Professor H. F. Blichfeldt, Pro- 
fessor R. L. Green, Professor Charles Haseman, Professor M. 
W. Haskell, Professor L. M. Hoskins, Mr. C. Kuschke, Pro- 
fessor D. N. Lehmer, Professor J. H. McDonald, Mr. G. F. 
McEwen, Professor H. C. Moreno, Professor R. E. Moritz, 
Professor C. A. Noble, Professor E. W. Ponzer, Professor S. 
D. Townley. 

Professor Lehmer occupied the chair. The following papers 
were read at this meeting : 

(1) Professor R. E. ALLARDICE: “ Note on the envelope of 
the directrices of a certain system of conics.” 

(2) Professor H. F. BLicuFetpt: “Linear homogeneous 
groups having irreducible invariant subgroups.” 

(3) Mr. A. F. CARPENTER: “ Geometrical interpretations of 
quotientiation and its inverse.” 

(4) Professor W. F. Duranp: “ A mechanism which solves 
certain differential equations.” 

(5) Professor M. W. HasKELL: “ Note on the del Pezzo 
quintic.’’ 

(6) Mr. C. Kuscuke: “ The equations of the 10th degree, 
irreducible in a given rational domain, whose groups are transi- 
tive with two as well as five systems of imprimitivity ” (pre- 
liminary communication). 

(7) Professor D. N. Lenmer: “Certain theorems in line 
geometry.” 

(8) Mr. W. V. Lovirr: “ Transformations of partial differ- 
ential equations.” 

(9) Professor J. H. McDonap: “The transformation of 
elliptic integrals.” 

(10) Professor R. E. Moritz: “On the cubes of determin- 
ants of the second, third, and higher orders.” 

(11) Professor E. W. Ponzer: “The calculus in technical 
literature.” 


3 


446 MEETING OF THE SAN FRANCISCO SECTION. [June, 


(12) Mr. L. L. Smart: “Toward a function theory of a 
certain hypercomplex variable in two units.” 

Professor Durand was introduced by Professor Allardice, and 
Mr. Lovitt and Mr. Smail by Professor Moritz. Professor 
Durand’s paper was read by Professor Moreno and the papers 
of Mr. Carpenter, Mr. Lovitt, and Mr. Smail by Professor 
Moritz. Abstracts of the papers are given below. 


1. Professor Allardice shows how the relation connecting the 
six distances between four points in a plane, in the form given 
by Cayley, may be applied almost directly to find the envelope 
of the directrices of a system of similar conics through three 
points. The envelope is a curve of the fourth class. 


2. Let @’ be a transitive (irreducible) collineation group of 
order N’ in n variables, contained invariantly in a group G of 
order N= N’- M in the same variables. The more important 
results stated in Professor Blichfeldt’s paper are: 1) No prime 
number greater than n + 1 divides 1; 2) Any prime factor of 
M which is greater than 3(n + 1) must be a factor of N’ or 
must be of the form 2*+ 1. 


3. In Mr. Carpenter’s paper the quotiential coefficient 


y= log. gy = lim log Sh) 

vy = TY = Dh f(x) 
where y = f(z) is first exhibited as measuring the relative rate 
of change of function: !ly connected areas, the interpretation 
being made in either rectangular or polar coordinates. Two 
loci are obtained, either one of which, when associated with 
y = f(x), exhibits Q y as the ratio of two lines. By a slight 
modification in the cartesian system, Q,y will measure the 
slope of y=f(x). A locus is found such that the area under 
it is given by the process inverse to Q,y, i. e., Te"““—”. 


4. The fundamental principle utilized by Professor Durand 
is that a wheel with a sharp edge rolling ona paper surface 
will always tend to move in its own plane. Hence, if pro- 
vision is made for adjusting the inclination of this plane (always 
vertical) to a line in the horizontal plane taken as the axis of 
X, such that a-tan ¢ = f(x), it will result that the wheel will, 
in rolling, trace out the function determined by the differential 
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equation a-dy/dx = f(x). Again, if a second plane is pro- 
vided upon which rolls a second sharp edged wheel representing 
dy | da? and if this second plane is given a movement parallel to 
y and equal in amount to the y component of the movement of 
the wheel representing dy/dx, then it results that the various 
parts of the mechanism may be so connected that a tracing 
point will move in fulfillment of the condition 


dy dy 


Special cases may be handled where one or more terms may 
disappear, one or more may become negative, or f(x) become 
constant. 


5. In this note Professor Haskell shows that when the cusps 
of a quintic with five real cusps are given, the cuspidal tangents 
can be found by a linear construction. 


6. In this preliminary communication Mr. Kuschke presents 
the results thus far obtained in investigating the irreducible 
equations of the 10th degree. He derives the necessary and 
sufficient conditions for all possible types of abelian equations. 
He discusses in detail the cases 


1) 
and 
2) — 25c%pipia* + — 0 


where 


1 5 
V ee? + 4e, and e + 0. 


7. Professor Lehmer defines a line as at right angles to a 
flat pencil of rays if it is at right angles to the ray of the pencil 
which it intersects. He finds the locus of lines at right angles 
to a given line and to a given pencil to be a ruled cubic sur- 
face. He finds also the number of lines at right angles to 
two given pencils and meeting a given line. He determines 
the locus of lines at right angles to three given pencils; also 
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the number of lines at right angles to four given pencils. This 
last problem is equivalent to finding the number of lines in 
space such that the common perpendiculars between them and 
four fixed right lines meet the four fixed lines in given points. 


8. Mr. Lovitt uses the infinitesimal transformation 
X=x+ y, n(x, y, Z=2+ F(a, y, 


Formulas are found giving the effect of this transformation 
upon the partial derivatives. Recursion formulas are found 
and also two expressions for each partial derivative provided it 
is taken at least once with respect to both x and y. This fur- 
nishes a useful check. Explicit expressions are given for the 
changes in the first and second partial derivatives and also 
numerous partial differential equations of the second order 
which remain invariant under given transformations. The 
most general transformation is found which converts a linear 
partial differential equation in three variables, with variable 
coefficients, into another equation of the same form. 


9. Professor McDonald’s paper shows how to construct the 
involutions on which depend the transformations of elliptic inte- 
grals. Clifford discovered that these are furnished by the mul- 
tiplication formulas. The consideration of the polygonal line 
inscribed and circumscribed to two conics gives, in the case of 
closure, an algebraic solution to the problem of Legendre and 
Jacobi. 


10. Professor Moritz gives special forms for the cubes of 
determinants of the second, third, and higher orders, and 
demonstrates 


Aj = 1 
(c,d, n, (c,d, n, esd, 


| Ai, A, Aj 
|4,B, A,B, A,B, 
B, B 


4 


where A. = (a,b,c, ---n,) and where the large letters are the 
co-factors of the small letters in this determinant. 


11. In a previous paper (Science, October 22, 1909) Pro- 
fessor Ponzer gave the results of an investigation into the vari- 
ous principles and applications of the calculus used in under- 
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graduate courses and the relative frequency of their occurrence. 
In the present paper a similar study is made of the calculus used 
by the practicing engineers, the more recent volumes of leading 
technical journals furnishing the data used. He discusses also 
the emphasis placed on calculus and the attitude of the engineers 
of different nationalities toward it. 


12. Mr. Smail considers a hypercomplex number system in 
two units ¢,, where = = = 0, =e, He con- 
siders the elementary conceptions and the functionality of the 
simpler algebraic expressions. Differentiation is defined and 
its limitations pointed out; integration is defined and the inte- 
gral of a hypercomplex variable expressed in terms of ordinary 
curvilinear integrals. He finds also the conditions that make 
the integral independent of the path of integration. 

H. C. Moreno, 
Seeretary of the Section. 


INVARIANT CONDITIONS THAT A p-ARY FORM 
MAY HAVE MULTIPLE LINEAR FACTORS. 


BY PROFESSOR 0. E. GLENN. 
(Read before the American Mathematical Society, October 29, 1910.) 
§ 1. Introduction. 


In the case of a ternary quadratic form the vanishing of the 
ordinary discriminant is the necessary and sufficient condition 
that the form be factorable into linear factors, distinct term for 
term. In the case of a cubic ternary form we can obtain in 
various ways a set of three independent rational, integral, and 
homogeneous functions of the coefficients, whose simultaneous 
vanishing furnishes the necessary and sufficient conditions that 
the form be factorable into distinct linear factors. The general 
theorem underlying these facts has been proved by Junker, * 
and is that the necessary and sufficient conditions that a p-ary 
form of order m be a product of m distinct linear factors consist 
in the simultaneous vanishing of a set of ("*?—") —m(p—1)—1 
independent seminvariant ¢ relations among the form’s coeffi- 


Sy unker, “ “Die s3 symmetrischen Funktionen u. s. w.,’? Math. Annalen, vol. 
45. 

+ Junker, ‘‘ Ueber die Diff.-Gleichungen der Invarianten,’’ loc. cit., vol. 
64. 
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Several papers* have been published on the problem of 
determining such sets of conditions. Brill ¢ and Gordan f have 
each treated the problem by the symbolical methods, obtaining 
in each case a redundant set of conditions furnished by the iden- 
tical vanishing of a covariant. Junker confined his attention 
to the problem of finding in terms of the coefficients the 
("*-!) — ] identical relations which exist among the element- 
ary symmetric functions of the m groups of p homogeneous vari- 
ables of the form. His sets of relations also do not contain the 
minimum number. There exist m(p— 1) syzygies among them. 

Not much attention seems to have been given however to the 
problem of determining a minimum set of conditions that a 
p-ary form j,,,(p > 2) may possess multiple linear factors. It is 
the purpose af this note to show how a certain factor theorem for 
Fans Which we give in the first part of § 2, may be made the 
basis of various methods of determining such sets. In § 2 we 
determine conditions in order that a p-ary m-ic f,,, should be 
a perfect mth power. In § 3 sets of conditions that Fs, Should 
involve a repeated factor are developed. Proof that the sets ot 
conditions determined in the various cases really contain the 
minimum number is given in § 4. 


§ 2. Conditions that a p-ary Form may be an mth Power. 
Let 


m—2 2 mn 


where 


am—r—2,,2 m—r 


be a ternary form equal to the product of m linear factors. 
Then the (x,, x,) terms of those factors must be furnished by 
the linear factors of the binary form 27'¢,,,.,- Let the factors 
of the latter be assumed to be known and let them be 


G=1, 2, ---, 9, 
- Brioschi, “Sulla condizioni per la decomposizione di una forma cubica 
ternaria, etc.’”’ Annali di Matematica, ser. 12, vol. 7. 

Brill, ‘° Ucher die Zerfallung der Ternarformen in lineare Factoren,’’ 
Jahresbericht der Deutschen Math.-Vereinigung, 1896, and Math. Annalen, vol. 
50. 

t Gordan, “ Das Zerfallen der Kurven in gerade Linien,’’ loc. cit., vol. 45. 
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where x, +72, is of multiplicity a, We have proved in 
another paper * the following 

THEOREM: The ternary form f,,, can be factored into factors 
of the respective orders a,, a, --+, 4, which are rational and 
integral in the coefficients of the form f,,, itself on the one hand, 
and in the quantities 1; on the other, linear in the coefficients ; ac- 
cording to the formula 


+ = (i= 1, 2, ---, 


If the Hessian covariant of one of these factors of f,, con- 
sidered as a binary form in (x, y), vanishes identically, f, has 
a linear factor of multiplicity 2, and conversely. Thus if 
m = 2, 


= + + bx} + 2gu,2, + 2fx + cx}, 


we get in this manner necessary and sufficient conditions 
that the general ternary quadratic be a perfect square. These 
are 


= af* — 2fgh + bg =0, 
C,=ab—hW=0, C=ac—g’=0. 


They are independent, that is, as we shall show in general in 
§ 4, they form a minimum set of conditions that a general form 
fx. be a perfect square. 

We proceed now to generalize the results in the last para- 
graph, deriving necessary and sufficient conditions that the 
factorable p-ary form f,,, be a perfect mth power. 

A notation can be adopted for f,,, Which exhibits the form 
as a sum of p— 2 ternary forms plus a residue V_, which is 
not in the shape of a ternary form. We use for the ternary 
summands a notation like (1), e. g., 


* BULLETIN, vol. 17, No. 2, p. 63. 
Cf. Bromwich, Quadratic Forms, p. 9. 
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m 
(i ql) m Al) 


(3) 


m—1 (p—2) m— ( p—2) m ( p—2) 

pm 


When assumed to be linearly factorable, this equals 


and if we take 


we have 
p—j—2 j—1 p—j—2 
»m— —k— 
j-1 p-j—2 = p—j—3 


showing the notation for the coefficients of the form f,,. We 
note that vo = Py and we take, without loss of gen- 
erality, noo... 

Assume that the roots of ¢, _, are all equal. Then x,,,., be 
is the mth power of a linear factor z,+ 7,2, (r, =7,). As is 
well known, a* necessary and sufficient condition for this is 
that the Hessian Hq, of x7¢,,,,, should vanish identically. 
By (2), when Hd, = 0, the typical ternary form in (3), X”, 
say, 


(4) 


(7) 
x x + 1 2/z2 


m—2, 
is expressible in the form 


o” (J) o"- 
on 
1 


* Other criteria may be had ; for instance, a a necessary and s sufficient con- 
dition that a binary n-ic f be an nth power is that the matrix of another 
binary n-ic @ with the bilinear invariant of f and 9 should have an invar- 
iant factor different from unity. 
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where x/y = (x, + 7,x,)/%,,., a constant factor being neglected 
on the right. 

In order that f,,, should be a perfect mth power, x7¢,,,/., and 
the p — 2 binary forms X) (j =1, 2, ---, p—2) must be mth 
powers. The vanishing of Hd, and ‘the p — 2 Hessian covar- 
iants of X‘ (j = 1, 2, ---, p — 2) are necessary and sufficient 
conditions for this. 

The Hessian of X is 


YW 

| xv 


and we have 
m—2 j p—j—2 
XY) (m — h)(m — h — 1)ay_ 


p—j—2 


= j 
h=0 


h=0 


formulas which give explicitly, in terms of the coefficients of 
S,m the values of the determinants K,. 
Since the p—1 binary forms 27¢,,,.. X(j = 1, 2, 
— 2) are all independent, the »— 1 Hessians are all inde- 
wedi Thus a set of necessary and sufficient conditions that a 
p-ary fotm f,,, which is linearly factorable, should be the mth 
power of a linear form consist in the simultaneous td of 
the p — 1 binary Hessian covariants Hd,, K;(j =1, 2, ---, p—2). 
It will be proved in § 4 that when the ("777") — alse —1)-1 
conditions that the general p-ary mic be linearly factorable are 
joined to the above p—1 Hessians we get a minimum set of 
conditions that f,,, (in general) be an mth power. 


§ 3. Conditions that f,,, Contain a Squared Factor. 


If we put y= 1, m= 3, a, =a,=a,=1 in (2), carry out 
the indicated multiplications and divide by the coefficient of x’, 
we get 
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= —% Pi—re 


where the summations are to be taken with reference to the 
r,, being symmetric in the r, Since f,, is factorable by hypoth- 
esis, the quantities in the parentheses are equal to zero. In fact 
these expressions equated to zero furnish a set of necessary and 
sufficient conditions that the general f,, be factorable into linear 
factors distinct term for term. 

If we write 


9 
A = 3a 2a a 


and let D be the discriminant of 23¢,,,,, and R, the resultant 
of the latter taken with 23¢, ,..,,, these three conditional relations 
become 


H, =a,D— R,=0, 
(6) H, = a,,D — A,R, = 0, 
H, =a,,D+A,R, = 0. 


If a ternary form f,, contains a squared factor it is, of course, 
linearly factorable as a whole. Then (2) gives 


4 2 
$;_+, 
Po_r, 


( 9 Pin Pier, 
\ —r; 


Evaluating the expressions in the parentheses we get a min- 
imum set of conditions that the general f,, contain a squared 
factor, e. g 


5°) 
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Dao; 
+4, = 0, 
El, = Ay = 0, 


(i = any number of the set 0, 1, 2, 3). 


In § 2 we have already developed a set of conditions that /,, 
be a perfect cube, assuming it to be linearly factorable. The 
method of this section gives us a minimum set, without assump- 
tion. For if the resultant and the first subresultant of the first 
partial derivatives of x3¢,,,, vanish, say D=0, D, = 0, and 


also the resultant and the first subresultant of x3¢,,,. and 
2, v2» SAY R, = 0, S, = 0, then (2) gives 
0—r; 0—r; 
ws 
+ — 3r, + on ‘), 


0-r; 0-r; 


from which we get the necessary and sufficient conditions that 
the general ternary cubic be a cube, in the form 


Dud, 


CR 
CR 
3—ii 


(i = any number of the set 0, 1, 2, 3). 


We will now show still another method of applying the 
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theorem of § 2 in the determination of conditions for multiple 
factors of a ternary form f,,. 

Consider the case where f,,, has a single linear factor of mul- 
tiplicity 2 and let it have, besides, m — 2 distinct linear factors. 
Then in (2) 4, = 2, a,=a,=--- = 1, and 


” 
Va = $;_,, 2$ = 0. 


Hence f,,, will have squared factors (and none of multiplicity 
higher than 2) when and only when there exist roots r, common 
to the three equations 


$,_, 0, 0, V, 0, 


provided the resultant R of ¢,_, and ¢;_, does not vanish. 
Thus if D is the discriminant of ¢,_,, and R, is the resultant of 
v, and the greatest common divisor of ¢,_. and ¢,_,, a set of 
necessary and sufficient conditions that a linearly factorable f, , 
should contain linear factors to the second power is 


(9) D=0, R+0, R,=0. 


§ 4. Proof that the Conditions Give Minimum Sets. 
We can prove that the ("*?7') — m( p — 1) — 1 factorability 


conditions for any general a together with the p — 1 Hessian 
conditions = 0, K, =0(j =1, 2, ---, p — 2) of § 2 furnish 
a minimum set of invariant conditions in order that the general 
Frm be an mth power. 

The number of identical relations which exist among the 
elementary symmetric functions of m groups of p homogeneous 
variables is ("*?-')— 1. If these variables are the mp coef- 
ficients of m linear factors of f,,,, the elementary symmetric 
functions are the coefficients of that form. If the factors are 
distinct, term for term, the identical relations, considered as 
relations among the coefficients of the form, will be ("*?-') — 1 
equations in m(p — 1) non-homogeneous variables, so that only 


m 


of the relations are independent. An independent set forms a 
minimum set of conditions that f,,, be factorable into m linear 
factors, distinct term for term. Now if f, is an mth power, 
the number of variables is only p — 1. Hence the minimum 
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number of conditions in order that f,, may be an mth power 
is — 

Each one of the Hessians H,, K, (j = 1, 2, ---, p — 2) is 
of order 2m — 4 in the variables whieh it contains, and so the 
number of vanishing coefficients in each is 2m —3. Hence 
these give (2m — 3)(p—1) conditions in addition to the 
_ m(p—1)—1 assumed ones. But of the 2m —3 
conditions obtained by equating to zero the coefficients of a 
binary Hessian covariant only m —1 are independent, as the 
m coefficients of the form can all be expressed in terms of a 
single quantity when the Hessian vanishes. Hence we have as 
a total number of conditions given by the original factorability 
conditions of f,,, and the Hessians 


— m(p — 1) —1+(m— 1)(p—1) = ("2") —p, 
which is thus the minimum number required. Hence the rela- 
tions derived in § 2 furnish a minimum set. 

In the same way it may be shown that (6), (7), (8), (9) are 
all minimum sets. 


THE UNIVERSITY OF PENNSYLVANIA, 
PHILADELPHIA, PA. 


THE GENERAL TERM OF A RECURRING SERIES. 
BY PROFESSOR ARTHUR RANUM. 


(Read before the San Francisco Section of the American Mathematical 
Society, September 26, 1908. ) 

1. The principal theorem of this note expresses the general 
term of a recurring series rationally in terms of the first few 
terms and the constants of the scale of relation. Although I 
derived it in 1908, I have only recently learned that practically 
the same theorem was published by D’Ocagne in 1894 (Journal 
de L’ Ecole Polytechnique, volume 64, pages 151-224) and by 
Netto in 1895 (Monatshefte fiir Mathematik und Physik, volume 
6, pages 285-290). Nevertheless it may be worth while to 
publish my own work for three reasons: first, because my 
proof is simpler than those of D’Ocagne and Netto; second, 
because I have stated the result in a more explicit form than 
that of either of these authors * ; third, because I have applied 


* D’Ocagne gives an explicit statement of the theorem (p. 163) for the 
special case in which the series is a ‘‘ suite fondamentale,’’ but not for the 
general case. 


= 
= 
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the result to the series of powers of a matrix, and this appli- 
cation is, I believe, entirely new.* 

2. Let O=u,+u,+ coo eee + eee be any 
recurring series of order n, and let 
(1) U (m=n, n+1, ---} 


m—! n m—n 


be its scale of relation. The general term u,, is evidently a 
linear homogeneous function of the first n terms u,, ---, U,_, 
and a rational integral function of the x constants a,, ---, a, 
of the scale of relation. Our problem is to determine the ex- 
plicit form of this function. 

The corresponding power series will be 


where 


that is, (2) is obtained from U(x) by removing the first n 
terms. These series will always be convergent for a certain 
range of values of x. In all that follows we assume that z is 
chosen within that range. 

From (1) and (3) we easily derive the identity 


—az")-U (2) =u,2" 


2n—2 
which can be written in the form 


n+l 2n—2 


4) — 

(4) 
provided we define the auxiliary quantities uj, ---, u/_, by the 
equations 


_ * For other applications see the papers of D’Ocagne and Netto, especially 
the former. 
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(5) 
Us = + 
U_ = au. 


The right-hand member of (4) is the so-called generating func- 
tion of the series U(x). We wish to expand it in ascending 
powers of «. This is easily accomplished, because of the well- 
known fact that 


1 


@ (a ta) 
a!---a! 1 n is 


Hence, if we define A,, for every positive integral and zero 
value of m, by the equation 


cee ! 


a,!...2z! a? 
1 


where the summation extends over all the positive integral and 
zero values of a,, ---,@,, for which a, + 2a,4+ --- + na,=m, 
we see that (4) can be written in the form 


m=0 
Arranging this with respect to 7, we have 


provided we agree that 
(8) A, = when m < 0. 


Equating coefficients of #"*" in (3) and (7), we obtain the 
required formula 


m—n+l1 


QD 
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for the general term u,,,,, o the recurring series U, where the n 
consecutive coefficients A,, --+, A,_..,, defined by (6) and (8) 
are rational integral of the constants a,, +--+, a, the 
scale of relation, and where the auxiliary quantities u,, ---, W,_,, 
defined by (5), are linear homogeneous functions of the first n 
terms u,, U,_, Of the series. 


Application to Matrices. 


3. Let us now apply the formula (9) so found to the recurring 
series that consists of the successive positive integral and zero 
powers of a linear homogeneous substitution in n variables, or 
in other words of an n-ary matrix L = (/;;), where /;,(i, j = 1, 

, n) is the element in the ith row and jth column. Let L’ 
be the corresponding unit matrix. We wish to express all the 
powers of L as linear homogeneous functions of the first n powers 
L, L™".* The first n+ 1 powers of L satisfy the 
well-known ¢ Hamilton-Cayley equation 


(10) + ---+a_L+aL, 


where 


n n n 
i=1 t=1 j=1 | “jt 
and 
(— =[4;|, 


the determinant of Z. Multiplying (10) by L”—", we obtain the 
scale of relation 


Hence we have only to define a set of auxiliary matrices 


L,, L,, «++, L,_, by the equations 
L = a, 


0 


L, 
L_,=a Ll, 


0 his pr problem I stated and as solved i in in the BULLETIN, vol. 13 (1907), 
pp. 337-338 
+ Cf. Bocher, Higher Algebra (1907), p. 296. 
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and our problem is completely solved by the equation 
= + A,_L, + +--+ A, nly» 


where the A’s are scalar quantities defined, as before, by (6) 
and (8). 

To illustrate this method, we shall calculate the 12th power 
of the ternary matrix 


L=|0 01 ]. 
1 —2 2 
In this case a, = 2, a, = — 2, a, = 1, 
1 —2 2 01-2 
L=|2 2}, L=|—-2 4 -3], —2 2], 
—3 4 —2 2 —3 2 


LY = + A,L, + A,L,, 
A, = (aj + 6aia, + + 4a,a3 
+ (5af + 12ata, + + 3a,a? = 2; 
similarly A, = 2, A,=1. Therefore 
100 
=| 010 
001 


CORNELL UNIVERSITY, 
January, 1911. 
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RELATIONS BETWEEN THE GRAMIAN, THE 
WRONSKIAN, AND A THIRD DETERMI- 
NANT CONNECTED WITH THE 
PROBLEM OF LINEAR 
DEPENDENCE. 


BY PROFESSOR D. B. CURTISS. 
(Read before the American Mathematical Society, April 28, 1911.) 


THE three determinants here discussed, the Gramian G, the 
Wronskian W, and the third determinant D, are formed for n 
functions, real or complex, f,, f,, ---, f,, which we shall here 
suppose for simplicity to be functions of a real variable x, as 
follows : 


a 


where /(x) is the conjugate of f(z) ; 


d . d 
n—1 a 
Ale) 


pa fie) Fhe.) | 


| 

| 
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It is well known * that if the functions f,, f,, ---, f, are con- 
tinuous (or even more general conditions may be given), the 
vanishing of G is a necessary and sufficient condition for their 
linear dependence in the interval [a, 6]. The identical vanish- 
ing of W is a necessary condition provided the derivatives 
involved exist, and with certain added hypotheses it is also 
sufficient. 

It has perhaps been previously noted, though I have been 
able to find no explicit reference on this point, t that the iden- 
tical vanishing of D for all values of the independent variables 
+++, in [a, b] is a necessary and sufficient condition 
that f(x), f(z), fle) be linearly dependent in [a, 5], i. e., 
that there exist a linear relation valid at every point of [a, b] 


where at least one of the constants ¢ is not zero. That D=0O 
is a necessary condition is obvious ; to see this, if the notation 
is so chosen that ¢, + 0, we have only to multiply the ith column 
of D by e,/¢, (t= 1, 2, ---, — 1) and add to the last column, 
thus making each element of that column zero on account of 
(1). Conversely, if D = 0, suppose the minor of the element 
f(x,), which we may denote by D,, is not zero for at least one 
set of values of x,, x,, ---, %,_, in [a, 6]. Such a value being 
given to these variables we have a relation (1) if we replace x, 
by x and expand D in terms of the elements of the last row and 
their minors. If D, =0 in [a, 6], then either the same is 
true of f(x), in which case (1) will hold if ¢, +0, c,=--- 
= c, = 0, or else there is a determinant formed by suppressing 
the last m rows and the last m columns of D which vanishes 
identically in [a, 6] but in which the minor of the last element 
of the last row is different from zero for at least one set of 
values of the variables concerned in [a, 6]. This determinant 
is of the same type as D, and arguing as before we establish a 
linear relation between f,, f,, ---, f,,, which may be regarded as 


a relation (1) where ¢,,, = ---=¢,= 


*Cf. G. Kowalewski, Einfiihrung in die Determinantentheorie, Chap. 

XV.;also Bécher’s review of this chapter in the BULLETIN, vol. 17 (1910), 
. 126. 

4 + Cf. in addition to the above citations a paper by the author, ‘“‘ The van- 
ishing of the Wronskian and the problem of linear dependence,’’ Mathema- 
tische Annalen. vol. 65 (1908), p. 282, where further references are given. 

t Possibly this is implied in a remark of the paper of Richardson and 
Hurwitz referred to on page 464. 
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If we compare the criteria for linear dependence furnished by 

the vanishing of these three determinants, we see that the con- 
dition D = 0 applies in all cases where the functions are defined 
for every point of [a, b], while G = 0 requires the continuity, 
or at least the integrability, of the functions concerned, and 
W = 0 not only implies the existence of derivatives of order 
up to n—1 but is even then insufficient without additional 
hypotheses. We may note also that the criteria D = 0 and 
G = 0 apply for functions of more than one variable, with suit- 
able change of notation, while no single identity of the same 
sort can replace W = 0. 

A certain interest attaches to formulas connecting G, D, and 
W. Thus Meder has recently proved the relation * 


d™G 
2 ——| Ml Wa)]?, 
( ) db™ [ (a)] 


where M is a constant, and W(a) indicates the Wronskian 
formed for z=a. This formula cannot, however, be reversed 
so as to express G in terms of W. We now proceed to obtain 
relations connecting D and G,and D and W, by combining 
two of which G may be expressed in terms of W. 

An identity connecting D and G may be derived at once, in 
case the functions f,, f,, ---, f, are all real, from the formula 
(4) given by Richardson and Hurwitz in a recent article in the 
Buwuetin.{ If we put k = 1, this formula becomes, with ap- 
propriate changes in notation, 


b 


It can easily be shown that if the functions concerned are com- 
plex the corresponding formula is 


1 


where D is the conjugate of D. These formulas put in evi- 
dence the property G=0, and give a simple proof that G = 0 


* “* Ueber den Zusammenhang zwischen den Determinanten von Gram und 
Wronski,’’ Monatshefte fiir Mathematik und Physik, vol. 21 (1910), p. 336. 

t ‘‘ Note on determinants whose terms are certain integrals,’’ vol. 16 
(1909), no 1, p. 14. 
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is a necessary and sufficient condition for linear dependence. 
They are valid, with suitable changes of notation, for functions 
of any number of variables. 

To express W in terms of D, formulas (2) and (3) or (3’) 
may be combined ; or we may verify directly the result 


(4) W(x) = [ 


The problem of finding a formula which will give D in 
terms of W in such a way as to put in evidence the vanishing 
of D when W= 0 in [a, 6] is impossible of solution except 
under added hypotheses, since W = 0 is not alone a sufficient 
condition for linear dependence. If, however, one of the n — 1 
rowed determinants of the matrix formed by the first n — 1 
rows of W vanishes at no point of [a, 6], for example the de- 
terminant W, formed by suppressing the last column of this 
matrix, we may obtain a relation of the kind desired with the 
aid of the well-known formula of Frobenius for Wronskians.* 
If we use the notation W,() to indicate the determinant formed 
by suppressing the last row and the rth column of W, and 
W,, (x) for the determinant formed by suppressing the last row 
and the sth column of W.,, a special case of Frobenius’ formula 
may be written 


(5) W(@)-W,, (2) = Wa) — Wie) Wa) 


(r = 1, 2, ---,n—1). 


Since W(x) + 0 in [a,b], we may divide (5) by [W,(x)]? 
and integrate, thus obtaining 
W,, (&) W(x) 
(r= 1, 2, ---,n—1). 


If we replace the last row of W by the first, so that the result- 
ing determinant vanishes identically, we have, on expanding 
according to the minors of this new last row, 


ILE) Me) =0, 


* Cf. Crelle, vol. 77 (1874), p. 248; also footnote, p. 284, of the article of 
the author, cited on p. 463. 


n 
r=) 
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or, since W,(x) + 0 in [a, 5], 
W, 
= (— 1-40) 


The substitution of (6) in this last relation gives 


f.(a) = at 

W(é)] 

W.@) 


It may be noted that the expression in brackets in the numer- 
ator of the integrand in (7) is equal to the determinant 


| fie) fe) 


(7) 


To obtain the desired result we have now only to replace the 
elements f(x,), f,(x,) of the last column of D by the 
corresponding expressions (7), multiply the elements of the 7th 
column by (— 1)'**-'. W,(z)/ W,(z) for each value of r from 1 
to n — 1, and subtract from the last column. This gives us 


fie) fle) | 


where z is any point of [a, 6]. 
Formula (8) may be transformed in a number of ways 
which we shall not discuss here. It should be remarked that 
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if the integral is taken in the ordinary or Riemannian 
sense, we must presuppose the integrability of the expressions 
W(x)- W,, (x) /[W(~)]’, but this is not necessary if the 
Lebesgue integral is used, provided, at least, the above expres- 
sion is finite in [a, 6]. The condition W,(x) +0 in [a, 6] 
may also be removed in certain cases, as when W,(x) vanishes 
at only a finite number of points, x,, x,, ---, in [a, 5] so 
that lim,_,, W,(x)/ W,(x) exists and is finite for 
It seems unlikely, however, that formula (8) can be so extended 
as to give new criteria for linear dependence. 

In conclusion we note that formulas (3), or (3’), and (8) 
taken together express G in terms of W in such a way as to 
show that G=0O when W vanishes, under the restrictions 
named. We thus have what may be regarded as the converse 
of (2). Similarly (8) and (2) express D in terms of G. 

NoRTHWESTERN UNIVERSITY, 
March 3, 1911. 


NOTE ON INTEGRATION OF SERIES BY 
LEBESGUE INTEGRALS. 


BY ME. W. A. WILSON. 


LEBESGUE has shown in his work on integration that if a 
limited function, f(x) = 0, is measurable for a measurable field 
A, it is “summable,” or possesses a Lebesgue integral, and the 
value of this integral is the measure of the ordinate set Y, 
whose points are defined by the conditions: xin A, O=y=f(z). 
The converse is also true; that is, if Y is measurable, f(x) is 
measurable and 


meas 
A 


A proof of this may be found in Schoenfliess, Jahresbericht 
der Deutschen Mathematiker-Vereinigung, Erginzungsband II, 
part II, page 320. 

It is the purpose of this note to show how by use of this idea 
the proof of Lebesgue’s theorem on termwise integration of 
series can be greatly simplified and reduced to elementary 
theorems on point aggregates. The theorem in question is 
proved in Hobson’s Theory of Functions of a Real Variable, 
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§§ 381, 382, 383. In the following proof the field A is taken 
as a one-dimensional set for clearness, but the proof holds for 
any number of dimensions. 

THEOREM: Let { f,{x)} be a sequence of functions, integrable 
(in the sense of Lebesgue) and converging to f(x) at all points 
of the measurable set A. Let the f(x) be uniformly limited 
in A. Then f(z) is integrable and 


Proof. Suppose first that each f(x)=0 in A. Let Y, be 
the set of ordinates corresponding to f(x). Then Y, is measur- 
able and 


meas Y= S(a)dA. 


Let U, = union of Y,, Y,,,,---. Then U, is measurable and 
(1) meas U.= meas Y,,, (p= 
Now let D = divisor {U,}. Then D is measurable and 

(2) meas D = lim meas U,= lim meas Y,,. 


Evidently D consists of a set of ordinates. For let (x,, y,) 
be a point of D. Then (x,, y,) lies in every U, and hence in 
an infinity of the Y,. Hence the points (z,, y), y Sy, lie in an 
infinity of the Y,; hence in all the U, and thus in D. 

If any ordinate of D is not complete, add its upper limiting 
point and call the resulting set Z. It is obvious that meas E 
=meas D. We now show that E is the ordinate set of f(x) 
over A. Suppose the point (x,, y,) is the upper end of the ordi- 
nate of E through z,. We must prove 


(3) 


Take y=y,—e. Since for n, sufficiently great, 
the - (x,, y) lies in all Y,, n=n, ; hence i in all the U, and 
in 


(4) 

Now consider y = y, + €. Since f,(x,) = f(z,), the point (x,, ¥) 
lies in no Y, for n=n,; hence not in all the U, and thus not 
in E. 
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(5) Sy=y,t+¢ 


Relations (4) and (5) give (3). 
Hence E is the ordinate set of f(x) and (2) gives 


(6) f fad A = meas EZ lim meas Y., 


Now set D, = divisor (Y,, Y, 


and U = union 


(D,, D,, ---). The sets D, and U are measurable ; 


(7) .. meas [7 = lim meas D, = lim meas Y,. 


N=O 


As before, U is an ordinate set and addition of upper limiting 
points of ordinates gives V of the same measure. In a similar 
manner to the case of E, we can show that V is the ordinate 
set of f(x) and get, with (7) 


(8) Z, J(x)dA = meas V = lim meas Y,. 


n=n 


Relations (6) and (8) give 


(9) f =1 = meas Y, = lim f faa. 


When the f(x) are unrestricted in sign, we can set 
},(x) =f,(x) + C, where C2=max|f(z)|, 
and apply (9) to $,(z), giving 


lim f = lim f $,(2)dA — f C.dA 


f $(a)d A — f C-dA 


f — C]a4 = f faa A. 


YALE UNIVERSITY, 
March, 1911. 
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EISENHART’S DIFFERENTIAL GEOMETRY. 


A Treatise on the Differential Geometry of Curves and Surfaces. 
By LurHer PrauLerR EISENHART. Boston, Ginn and 
Company, 1909. xii + 474 pages. 

THE plan of this book is similar to that of a number of 
mathematica! treatises which have recently been published in 
the United States. It is intended to serve as an introduction 
to the subject of differential geometry for use in graduate 
courses ; at the same time it contains accounts of recent re- 
searches on special topics by the author and by other writers 
which will be of interest to any reader and may well serve as 
an inspiration to further investigation on the part of the 
student. 

The writer of this review has found the book an exceedingly 
useful one to have in the hands of students in a course in 
differential geometry. It contains numerous examples, some 
inserted in the text to illustrate particular discussions, and 
others of a more general character at the end of each chapter. 
Many of these examples are difficult for the elementary student 
to handle, but a suitable selection can readily be made. In the 
course referred to the book was used for reference, for the 
examples, and asa basis for reports by students. , It was not 
found practical to follow closely the arrangement of material or 
the details of the discussions of particular subjects. These are 
matters, however, which depend much upon the individual taste 
of the instructor and the character of the students with whom 
he has to deal, and the fact that the book presented in many 
cases a different view-point from that of the lecturer seemed to 
enhance rather than to diminish its value. 

In these days of the popularity and elegant methods of the 
theory of functions of a real variable, it is interesting to note that 
much of the theory of surfaces can be developed without the use 
of imaginaries, and to see also that the existence and uniqueness 
theorems for real differential equations can be applied with econ- 
omy in many places. Professor Eisenhart has made use from 
the start of expansions in series. It is true of course in some 
cases, as for example with minimal curves and surfaces, that the 
theory would be incomplete or difficult to phrase without the in- 
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troduction of analytic functions. But it is certainly doubtful in 
many others if any simplification is effected by their use. 

One of the most interesting features of the book is the intro- 
duction of movable axes, the so-called “moving trihedrals,” 
for twisted curves as well as surfaces. The fundamental rota- 
tions and translations associated with these trihedrals are freely 
applied in the writings of Darboux and others, and their appli- 
cations rival in importance those of the Gaussian fundamental 
quantities for a surface. The student will hardly find himself 
at home in the literature of to-day without an intelligent acquaint- 
ance with them. Professor Eisenhart has developed the prop- 
erties of these quantities without the help of the notions from 
mechanics used by Darboux, and has applied them in so many 
situations that their importance and uses seem perfectly clear 
to the reader. 

The book would be somewhat more convenient if the chapter 
and section numbers had been printed at the top of each page, 
as there are numerous references to sections and to numbered 
equations in the different chapters which often require consid- 
erable turning. The typography is otherwise excellent, and a 
good index adds much to the usefulness of the work. 

The contents of the book may be roughly divided into four 
parts. The first six chapters contain the fundamental princi- 
ples of the theory of twisted curves and surfaces, and these are 
followed in Chapters VII and VIII by applications to a variety 
of special cases, including quadrics, ruled surfaces, minimal 
surfaces, surfaces of constant curvature, and surfaces with plane 
or spherical lines of curvature. One of the topics most fully 
treated is the theory of the deformation of surfaces in Chapters 
IX-XI. Chapters XII on rectilinear congruences, XIII on 
congruences of circles orthogonal to a family of surfaces, and 
XIV on triply orthogonal systems of surfaces form the con- 
cluding group and with Chapter VIII furnish most interest- 
ing reading. 

The theory of twisted curves in space is developed in Chapter 
I. The osculating plane is defined as the limiting position of 
a plane through a tangent and a neighboring point M of the 
curve as M approaches the point of tangency, and the osculat- 
ing sphere is defined as a sphere with its center in a proper 
position on the polar axis. It seems in some ways more desir- 
able to define these as limiting positions of a plane or sphere 
through three or four neighboring points of the curve. The 
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same methods may then be applied to both of them as well as 
to the determination of the tangent line and osculating circle, 
and the method itself is important in other connections. 

One is impressed here at the start with the importance of 
the existence and uniqueness theorems for a system of differential 
equations. In discussing the determination of a curve by 
means of its intrinsic equations, as in many other places in the 
book, the author has such a system to consider. It would cer- 
tainly mean economy of thought for the reader, and perhaps 
even economy in printed pages, if these theorems were stated 
somewhere in a form suited to the applications which are made 
of them. With them in mind the intrinsic equation theory 
could be quite concisely stated. 

The sections devoted to the moving trihedral and its applica- 
tions are interesting ones. The notions involved seem difficult 
for the elementary student to handle, but they are exceedingly 
important. Professor Eisenhart has derived the fundamental 
equations 


by means of expansions in series. The quotients in the first 
members of these equations determine the direction of the abso- 
lute motion in space of the point whose coordinates are &, , [ 
with respect to the moving axes, while those in the second 
members give the motion relative to the moving axes them- 
selves. If the coordinates £, yn’, ¢ with respect to a fixed 
trihedral at a point M’ of the curve are expressed in ternis of the 
coordinates £, y, € with respect to a trihedral with vertex at a 
neighboring point M, the formulas just given can be very simply 
derived by differentiation and use of the initial values given by 
Professor Eisenhart on page 30. The use of symbols for dif- 
ferentiation in the left members of the equations above is un- 
fortunate. The direction 5&/ds : 8y/ds : 5¢/ds cannot be found 
by differentiation of £, 7, € and it would be better to denote it 
by other symbols, say V,: V,: V,. A number of applications 
of the formulas above have been made in the text. The proper- 
ties of involutes and evolutes of a curve can also be derived in 
this way, as is suggested in example 8, page 47, apparently 
more simply than by the methods used in § 21. 

This chapter contains also a short discussion of the theory ot 
the integration of a Riccati equation, a study of developable 
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surfaces as the tangent surfaces of curves, and a section on 
minimal curves. 

The more elementary portions of the surface theory are pre- 
sented in Chapters II-[V. In Chapter II the notion of 
curvilinear coordinates is introduced, and the theory of enve- 
lopes with applications to developable surfaces and envelopes of 
families of spheres is explained. The discussion of the deter- 
mination of characteristic curves in terms of the moving trihe- 
dral would be clearer to the reviewer if the method suggested 
above for the derivation of the fundamental equations in Chap- 
ter I had been used. 

In Chapter III the quantities EL, F, G are defined and those 
parts of the surface theory which depend upon them exclusively 
are developed. It is to be regretted that a precise definition of 
a differential parameter was not set down. Roughly expressed, 
a differential parameter is a function of E, F, G, ¢, y, --- and 
their derivatives with respect to u, v, which remains unchanged 
in form when these functions are replaced by their equivalents 
in terms of E,, F,, G, and derivatives with respect to two new 
variables u,, v, According to this definition the functions £, 
F, G are not themselves invariants, as is stated at the bottom 
of page 87. And it also does not seem to be true that a fune- 
tion expressible in terms of differential parameters with respect 
to one system of coordinates will be equal to the same expres- 
sion formed with respect to another, unless the function is itself 
invariant. The proof given on page 165 for the invariance of 
A, would therefore seem to be only a proof of formula (38) 
for expressing A,,0, known by other means to be invariant, in 
terms of other differential parameters. 

In Chapter IV the second fundamental quantities D, D’, D” 
appear for the first time, and the well known relations between 
the curvatures of lines through a point on a surface are set 
down. The reader is also introduced to lines of curvature and 
conjugate systems, asymptotic lines, geodesics, and the spher- 
ical representation of a surface. These conceptions appear 
again in Chapter VI for a more detailed discussion with the 
help of the Christoffel symbols, the moving trihedral, and the 
fundamental equations derived in Chapter V. On page 117 
the formula near the bottom of the page should read 


Ox Ox dudv Ox (2) Cx 


ds? due \ds) + dudvds de * * duds? dvds 
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though the argument which follows is unaltered by the omis- 
sion of the last two terms. On page 123 the statement that 
a surface lies on only one side of the tangent plane at points ot 
parabolic curvature is evidently incorrect. This is the old 
question of the minimum of a function whose expansion begins 
with a quadratic form having a vanishing discriminant. One 
needs only to consider the surface generated by revolving a 
sine curve about a tangent at one of its maximum points. 
The lines along which the curvature is parabolic are generated 
by the points of inflexion. 

In the next chapter the equation of Gauss expressing the 
curvature of a surface in terms of 6, F, G and their deriva- 
tives is derived, as well as the two so-called Codazzi equations, 
and a proof is given of the fundamental theorem of surface 
theory. This is the theorem which states that any six functions 
E, F, G, D, D'’, D” which satisfy the Gauss and Codazzi equa- 
tions are the fundamental quantities of a surface which is 
uniquely defined except for its position in space. Other forms 
of the theorem are also given in which the surface is character- 
ized by D, D’, D” and the functions 6, F, G defining its 
spherical representation, or by the direction cosines X, Y, Z of 
its normal together with the distance W of the tangent plane 
from the origin. The functions X, Y, Z, W are called the 
tangential coordinates of the surface. 

A surface may also be characterized by functions of u, v 
representing the rotations and translations of a system of axes 
which move so that the zy-plane is always tangent to the sur- 
face at the origin, and in such a way that the x-axis always 
makes an angle U(u, v) with the curves v= constant. This 
system of axes is called the moving trihedral of the surface. 
Professor Eisenhart has derived the equations of condition 
which must be satisfied by the six rotations p, q, 7, P,, 9,) 7, and 
the four translations £, n, &,, 7, of the moving trihedral with 
the help of the moving trihedral for a curve already discussed 
in Chapter I, and his method seems simpler than that of Dar- 
boux. Any ten functions p, g, 7, ---, which satisfy these 
equations define a moving trihedral enveloping a surface which 
is uniquely determined except for its position in space. The 
latter part of the chapter is devoted to the determination of 
the principal properties of a surface in terms of the rotations 
and translations above mentioned, and to the application of 
these results in the cases of parallel surfaces and evolutes of a 
given surface. 
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With the formulas of the preceding chapter at hand it is 
possible for the author, in Chapter VI, to study more compre- 
hensively the theory of systems of curves on a surface. In 
the first half of the chapter the conditions are derived which 
must be satisfied by functions E, /’, G in order that the para- 
metric lines may be asymptotic, or by &, F, G in order that 
the parametric lines on the sphere may represent a system of 
asymptotic or isothermal conjugate lines on the surface, and in 
each case it is shown how the surfaces themselves may be 
determined. A number of theorems are also given showing 
how surfaces with asymptotic or conjugate parametric lines are 
determined by the solutions of certain partial differential equa- 
tions of the second order. The last half of the chapter is 
devoted to geodesics and geodesic coordinate systems. A proof 
is given of the celebrated theorem of Gauss concerning the 
sum of the angles of a geodesic triangle, and the minimizing 
properties of geodesics are briefly discussed from the standpoint 
of: the calculus of variations. 

The next two chapters contain applications of the theory of 
surfaces to special cases. The properties of systems of lines of 
various kinds on quadrics and ruled surfaces is develc od, and 
an interesting discussion of the more important properties of 
minimal surfaces is given. In Chapter VIII surfaces of con- 
stant curvature are treated in the first part. There are four 
kinds of transformations of such surfaces, called the transfor- 
mations of Hazzidakis, Bianchi, Backlund, and Lie. The result 
of these transformations is the determination of surfaces of con- 
stant curvature having the same curvature as that of the given 
one and related to it by some geometrical or analytical process. 
Thus for the transformation of Bianchi it is found that if circles 
of radius a are described in the tangent planes to a surface of 
constant curvature — 1/a’, with centers at the points of contact, 
then these circles are the orthogonal trajectories of an infinity 
of surfaces of curvature —1/a’. The transformation of Biack- 
Jund is a generalization of this transformation, while those of 
Hazzidakis and Lie are analytical in character. It may be of 
assistance to the reader to remark that §§ 118-119 are much 
clearer if reference is made to § 77, page 190, and § 82, pages 
199, 200. In fact the argument does not seem to be complete 
without these references, though no mention is made of them. 
W-surfaces are surfaces for which a relation of some sort exists 
between the principal radii of curvature. They include mini- 
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mal surfaces and surfaces of constant mean curvature. After 
discussing them the euthor devotes the last part of Chapter 
VIII to surfaces which have systems of lines of curvature of 
special kinds. Examples of these are the surfaces of Monge 
which have one system of plane geodesic lines of curvature, and 
which are generated by a plane curve whose plane rolls without 
slipping over a developable surface. The equations at the bot- 
tom of page 313 seem to be misprinted. They should read 


[w+ +a—2Al+u*], 


1 
p= 


The chapters in which the deformation of surfaces is dis- 
cussed have been mentioned above. In determining all the 
surfaces with a given linear element 


+ 2Fdu dv+ 


by the method of Darboux, it is found that whenever a solution 
2(u, v) of the equation 


AZ = (1 A, 2) K 


is known, where the differential parameters and curvature K are 
formed with respect to the quadratic form just given, then two 
other functions x(u, v), y(u, v) can be determined by quadratures, 
which with z(u, v) define a surface having the length element 
required. The method of Weingarten, published in a memoir 
which was awarded the grand prize of the French Academy in 
1894, makes use of the moving trihedral. A set of coordinates 
on the surface can be so chosen that 


r=v, r1,=0, KYEG—F*=1, 


where r and 7, are two of the rotations of the trihedral. The 
equations which must be satisfied by the translations of the 
trihedral are then 

On On, 


Pp), — + £4, = 0. 
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The last equation can be expressed entirely in terms of u and 
differential parameters of u with respect to the length element 
of the spherical representation of the z-axis of the moving tri- 
hedral. When this is done, any other solution u,(u, v) of the 
differential equation so found furnishes a surface applicable to 
the original one. In the latter part of the chapter the results 
of Weingarten are given a different form and applied to the 
determination of surfaces applicable to surfaces of revolution 
and other special cases. It is not clear from the text that the 
functions & », &,, 7, can be chosen in the form (29) of page 
357 for any surface, as is implied in the theorems of page 360. 
If a family of surfaces of the form 


= v) + ex,(u, v) + Cafu, v)+---, 
y = y(u, v) + €y,(u, v) + v) + 
= v) + €z,(u, v) + €z,(u, v) +---, 


were such that each had the same length element, then any one 
of them would be applicable to every other. The problem of 
the so-called infinitesimal deformation of the surface S(e = 0), 
is the determination of the first coefficients x,, y,, z, in such an 
expansion. It turns out that the problem is equivalent to the 
determination of a surface S, corresponding to S in such a way 
that corresponding curves on the two are orthogonal, and this 
depends upon the solution of a partial differential equation of 
the second order. The latter problem is again equivalent to 
the determination of a surface S, associate to S, i. e., one such 
that tangent planes at corresponding points of S and S, are 
parallel, and such that asymptotic lines on either surface corre- 
spond to a conjugate system on the other. These results are 
derived in Chapter XI with further interrelations between the 
triples of surfaces S, S,, S,. 

One of the most interesting applications of differential 
geometry, on account both of the elegance of the theorems and 
also of the opportunities for the exercise of geometric imagina- 
tion which present themselves, is the theory of congruences, to 
which Chapter XII is devoted. Through any one of a double 
infinity of straight lines there pass an infinity of ruled surfaces 
belonging to the congruence, whose lines of striction all cut the 
given line on a certain segment. The end points of the seg- 
ment correspond in *this way to two principal ruled surfaces 
whose tangent planes at the end-points are perpendicular to 
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each other. Similarly through each line there pass two devel- 
opable surfaces whose cuspidal edges are tangent to the line at 
two focal points equidistant from the end-points just mentioned. 
The totality of the focal points on all the lines of the congru- 
ence form two focal surfaces. After developing these concep- 
tions and their interrelations with each other, the author takes 
up the study of special congruences characterized for the most 
part by restrictions of various kinds placed upon their focal 
surfaces. Thus pseudospherical congruences have pseudospher- 
ical focal surfaces, and congruences of Guichard are those whose 
developables touch the focal surfaces along lines of curvature. 

A eyclic system is a congruence of circles which has a single 
infinity of orthogonal surfaces. With every such system is as- 
sociated a congruence of lines, the axes of the circles, called a 
cyclic congruence. Conversely, with every cyclic congruence 
there is associated but one cyclic system, unless the congruence 
is of the special type called congruences of Ribaucour. In § 178 
Professor Eisenhart has exhibited a transformation of surfaces 
which have the same spherical representation of lines of curva- 
ture as pseudospherical surfaces, into others of the same type. 
This is a generalization due to the author of the transformation 
of Bianchi for pseudospherical surfaces. 

The concluding chapter of the book is devoted to triply ortho- 
gonal systems of surfaces, examples of which are provided by the 
orthogonal surfaces of a cyclic system, taken with the two families 
of surfaces generated by the circles of the system which intersect 
them in their lines of curvature. The determination of triply 
orthogonal systems which have one family consisting of surfaces 
»f revolution or of pseudospherical surfaces, is considered, and 
it is shown, following Darboux, that the general problem of the 
determination of all triply orthogonal systems may be reduced 
to the solution of a partial differential equation of the third 
order. 

GILBERT Ames |LIss. 

January 4, 1911. 
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STUYVAERT’S STUDIES IN ANALYTIC 
GEOMETRY. 


Cing Etudes de Géométrie analytique. Par M. Sruyvaert. 

Gand, E. Van Goethem, 1908. vi + 230 pp. 

Tuis book, consisting of applications of the theory of matrices 
and elimination, was awarded the “ Prix Francois Deruyts” 
by the Royal Academy of Belgium and forms an impor- 
tant addition to the methods of analysis used in geometry. 
Whether it is a question of elimination or superelimination (the 
study of the conditions that two equations have more than one 
root in common), the result leads to the vanishing of a rect- 
angular matrix, i. e., to the existence of a certain linear relation 
or “ faisceau”’ of such between the elements of each row or 
column, and from the details of structure of this matrix can be 
read the properties of the variety represented by equating it to 
0. ‘The results are in general known, so the author seldom 
trusts the reader to discover the new theorems, but instead 
labels them as such. The originality and value of the book 
consist in the methods used, and it is surprising with what 
simplicity and elegance the machinery works. 

The first of the five studies of which the book consists 
(“ Applications géométriques de la théorie des matrices”) in- 
vestigates those processes of elimination which give rise to 
matrices and the use which can be made of this theory for the 
determination of special elements of geometrical figures. The 
conditions that two equations in x have at least two common 
roots can be expressed by the vanishing of a matrix in / lines 
and /+1 columns. If the elements of such a table are ternary 
or quaternary forms, we have respectively the representation of 
a finite number of points or a skew curve. Such a represen- 
tation of a curve gives at once, by means of tables obtained 
from the original matrix by the suppression or adjunction of 
various lines and columns, its order, genus, modes of genera- 
tion, circumscribing surfaces, multisecant curves, groups of 
remarkable points, and other properties. 

After deriving general formulas for the orders and genus of 
curves represented by vanishing matrices the author discusses 
skew curves of orders three to ten. The following will illu- 


480 STUDIES IN ANALYTIC GEOMETRY. [June, 


strate his methods: If a,, --- represent linear quaternary 
forms, the relations 


a 6b e¢ 
=z z =z 
| 
la, OF 
z z 


represent the most general skew cubic. Its system of bisecants 
is Aa, + wb, + ve, = 0, ra’ + wh’ + ve, = 0. If we precede 
the above matrix by a line of constants a, 8, y, the resulting 
equation gives 2” quadrics circumscribing the curve. Similarly 
| 
ie 
. a skew C, of genus 3. As the four equations of the type 
tra, Fs d’a’’ = 0 are compatible in A for all points of C,, 
rs latter is the locus of intersections of homologous planes of 
four collinear “gerbes.” In a similar way we can see that it is 
the locus of points of intersection of homologous rays of three 
superimposed projective spaces. If we precede the matrix of 
C, by a column of constants A, the resulting table annuls 
itself for four points of C,. These four points annul an evi- 
dent determinant containing eight arbitrary constants whose 
vanishing gives a quadric, which is seen te be circumscribed to 
a variable skew cubie cutting C, eight times, and whose equa- 
tion comes from the above determinant. Thus if we vary A, 2’, 
X”, we have on C,, 00” quadruples of points such that each of 
these groups can be joined by a quadrie to all skew cubics 
cutting C;, eight times. 

When matrices of / lines and / + 1 columns of independent 
linear forms are used, the resulting curve is of order }1(/ + 1) ; 
hence in order to discuss skew curves of order 5, 7, 8 and 9 
the author introduces non-linear forms, e. g., C, is 


The fact that non-linear forms had to be introduced suggests 
one of the most interesting problems for research in this subject 
namely : “ The determination of what curves are representable 
by matrices.” 


| 
2 ; 0. 
a 
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The section on the Jacobian of a system of three or five sur- 
faces, i. e., the skew curve defined by the vanishing of the usual 
Jacobian matrix is of value from the standpoint of results, as the 
author’s theorems are more complete than those of Cremona or 
Salmon. The problem of geometrical loci, i. e., the problem 
of eliminating ¢ between F(x, y, z, t) = 0 and f(x, y, z, t)=0, 
where the common roots in ¢ may have various multiplicities, 
is well treated and general results are derived. The application 
of these results as a corollary to the very important subject of 
envelopes is however disappointing, being confined to an ex- 
ample. The study closes with sections on the multisecants of 
rational curves, the multisecant conics of skew curves, the elim- 
ination of two or more unknowns from a system of equations, 
and applications to space of four dimensions. The latter sug- 
gests another line for investigation, for when the number of 
homogeneous variables surpasses four, the algebraic problems 
are greatly changed, so that for example it is necessary to 
study matrices the difference of the numbers of whose columns 
and lines is greater than two, and also matrices whose elements 
are dependent forms. 

In the first study the author limits himself to matrices whose 
elements are forms in a single variable. The case where they 
are forms of two or more series of variables and its application 
to particular cases furnishes the basis of a theory of congruences 
of skew curves, a theory which is also still in the making and is 
the subject of Study II: “‘ Congruences de variétés algébriques 
annulant des matrices.” The author considers the matrix of / 
lines and 7+ 1 columns containing homogeneous forms in 
+++, and a, a, Its vanishing represents a congru- 
ence of varieties of d — 3 dimensions in a space of d— 1 di- 
mensions, and the writer seeks under the easiest hypotheses how 
a must enter in order that an arbitrary system of values of x 
belong to a single variety of the congruence. After general 
theorems he limits himself to matrices of two lines and three 
columns of forms linear in both x and a, and classifies the 
linear congruences so obtained into six types. If d= 4 we 
have a theory of linear congruences of skew cubics and if d = 3 
of linear congruences of coplanar triangles. 

The author defines a singular point as one belonging to a 
simple infinity of members of a congruence and discusses the 
singular points in the above types and the figures they repre- 
sent, cleverly reducing this problem to a study of the loci repre- 
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sented by the formulas distinguishing the different types of 
congruences ; for example, if d= 4, we have for type III, 
defined by 


aa, + a,b, aa, + aa, a, 0 
ad +a,g, ad, + + || 


a congruence of skew cubics having for directrices a sextic 
of genus 3 and two skew cubics, each curve of the congruence 
and the two cubic directrices cutting the sextic eight times and 
each curve cutting the two cubic directrices once. 

The third study, “La théorie des matrices dans |’espace 
réglé” is very short but suggestive of what more can be done. 
It contains sections on matrices with / lines and / + 3 columns 
(whose vanishing as soon as the number of variables surpasses 
four is in general compatible), congruences of straight lines 
annuling matrices, vanishing of the first minors of a determi- 
nant, and complexes annuling a determinant. The matrix MW 
of 7 lines and /+ 1 columns whose elements are homogeneous 
forms of pliickerian line coordinates when set equal to zero 
represents a congruence I’ of straight lines. If we precede M 
by a line of constants a, we get a complex C, including IT. 
Two such complexes C, and C; have T’ and a congruence A in 
common, the latter annuling the matrix obtained by preceding 
M with the lines a2 and 8. Aand T have a ruled surface in 
common. 

The finding of the points which annul all the first minors of 
a determinant (a,,) (i, k= 1, 2, 3) is reduced to finding the 
points common to two vanishing matrices which represent sur- 
faces. If we have variables x,, ---, x, the vanishing of all the 
first minors of a determinant of nine elements gives in space of 
d —1 dimensions a variety of d—5 dimensions. If in the 
above determinant the variables are again line coordinates, its 
vanishing gives a complex C whose double elements annul all 
the determinant’s first minors and belong to oo! ruled surfaces. 
If the determinant is preceded by a line of constants we have a 
congruence and so again get an interesting relation between 
complexes, congruences, and ruled surfaces. 

Study IV, “Sur une forme doublement quadratique binaire 
et symétrique” serves as an introduction to the last article aad 
concerns a form which in non-homogeneous variables is 


= u— xy’ + bry +o + t+ y) + + + fet y). 
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In this form » and y stand for abscissas of two “ ponctuelles” 
and not cartesian coordinates. ¢ is used for a classification 
of symbolic forms and finally applied to conics and surfaces, 
where the author deals chiefly with groups of elements harmon- 
ically situated, such treatment having been suggested by Hal- 
phen who in his Traité des fonctions elliptiques reduced the 
study of two coplanar conics to that of a form similar to ¢, 
whose geometric meaning was that it set up the most general 
correspondence on a conic by means of tangents to another 
conic. The study closes with ruled surfaces having for gen- 
erators the bisecanis of a skew cubic and as a special case an 
interesting surface of the fourth order defined, for example, as 
the envelope of quadrics determined by couples of homologous 
elements of two projective series of bisectants. 

If @ ceases to be symmetric and 2, y are coordinates in a 
plane, the author has a basis for his last study “ Quadrilatéres 
de Steiner dans certaines courbes et surfaces algébriques” which 
is remarkable in the beauty and symmetry of its analysis and 
theorems. The author first proves the celebrated theorem of 
Steiner, “ A plane binodal quartic is not in general circum- 
scribed to a quadrangle having two of its diagonal points at the 
nodes ; but if there exists one such quadrangle there is an infin- 
ity, in which case the third diagonal point describes a conic and 
the sides of the quadrangle which do not pass through the 
nodes envelope a curve of the fourth class,” and calls such 
quadrangles “ quadrillée.”” The necessary and sufficient condi- 
tions that a quartic be quadrillée are derived as well as many 
theorems on quadrillée quarties of two, three and four nodes. 

The author next seeks, by original methods, the properties 
to the skew quartic of the first kind C{, which correspond 
of those explained for plane quartics, using in his analysis 
quadrillée quadrics (quadries of Voss) and quadrillée cones, i. e., 
perspective cones of C{ every plane trace of which is a quad- 
rillée quartic. We shall note one theorem as it is proven with- 
out the customary use of elliptic functions. ‘Through every 
skew C’, there pass six quadrillée quadrics. In the system 
F’,+ kS, having C’, as a base there are four cones defined by a 
biquadratic form in & and the six quadrillée quadrics annul the 
sextic covariant of this form.” This section is followed by one 
on special surfaces of the fourth order having a simple infinity 
of double points. These double points can be divided in gen- 
eral into co” couples and through each of these couples pass six 
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quadrillée sections whose oo? planes envelope a surface. The 
co* diagonals of the quadrangles generate a complex and the 
third diagonal points are on co? conics. The book closes with 
some paragraphs on graphical tables for the representation of 
functions, where the author solves the problem which when 
proposed to him suggested this last study, namely, to deter- 
mine when the equation of a certain surface of the sixth order 
could be put in the form of a determinant equated to zero. 

The very power of Professor Stuyvaert’s methods, which 
cover every page with italicized theorems, makes the book 
monotonous to read, but at the same time gives it value as a 
compendium. As we have pointed out throughout this review, 
the author of these five studies has made a large addition to the 
instruments of a modern geometer and at the same time pointed 
out the way to other fields of investigation, perhaps the best of 
which is to discover how to do away with the limitations of the 
above methods in which to a large extent the curve has to be 
found to fit the formulas. 

E. Gorpvon 


SHORTER NOTICES. 


Etudes sur Léonard de Vinci, ceux qwil a lus et ceux qui Vont 
lu. Par Pierre Paris, A. Hermann, 1906, 1909. 
8vo. 2volumes. x + 355, iv +469 pp. 27 francs. 

Ir would be difficult to find a man better fitted for the prep- 
aration of a work of this character, either by temperament or 
because of scholastic attainments, than the eminent professor 
of theoretical physics of the Faculty of Sciences at Bordeaux. 
Writing of a great genius whose wide range of information cov- 
ered al] that was then known of physics, of a man whose inter- 
est in France showed itself in divers activities, of a scholar who 
was in correspondence with the learned men of his time, and of 
an inventor whose fertile imagination was seen in a large num- 
ber of helpful devices, M. Duhem had a most inspiring subject 
and one which he could hardly have failed to treat con amore. 

The author confesses at the beginning to the feeling of awe 
that such a topie would naturally create in any serious mind 
that contemplates the work of this master. In his own case, 
he tells us, this was followed by a period of contemplation, 
more free from emotion, in which the idea was prominent that 
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such a genius was after all a human being, that he was born as 
other men and that he struggled as others struggle, and that 
the problem is rather to mark the footsteps by which he ad- 
vanced than to stand in awe of his great attainments. Well 
does he exclaim, however, “ Mais ce récit, combien il est difficile 
de l’obtenir exact et précis.” 

Of the labor expended in examining the materials for this 
work everyone familiar with Leonardo da Vinci is aware. He 
left a large number of manuscripts, and in addition to those 
that are fairly complete there are many brief memoranda, 
written in his usual manner from right to left, difficult to 
decipher, and so mixed up as to make their sequence hopelessly 
obscure. It is out of this mass of material that M. Duhem has 
endeavored to extract the essence, and to interpret it in the 
light of the works of the predecessors of Leonardo, and the 
work of his followers in the light of these notes. From the 
nature of the case, therefore, this work cannot be looked upon 
as a life of Leonardo, nor even as a dissertation upon his works 
and his discoveries. It is merely what its title asserts, a set 
of studies,— an inquiry into the works which he had read and 
which had helped him attain his high position, and into the 
works of those who had in turn been assisted by his own fertile 
mind in perfecting their labors. 

The author begins by a chapter setting forth the influence of 
Albert of Saxony upon Leonardo da Vinci, particularly as 
shown in the former’s De clo et Mundo. He shows by one 
of Leonardo’s manuscripts,* begun in September, 1508,7 that 
this work was familiar to the young scientist, and that the 
latter had, indeed, a copy then in hand. This point is evi- 
denced by his note, “ Alberto decelo e mundo — da fra ber- 
nardino,” the copy either belonging to or having been made 
by some Brother Bernardinus. The interesting thing, how- 
ever, is the manifest influence of Albertus upon Leonardo, as is 
shown in numerous quotations from each with respect to the 
spots on the moon, center of gravity, and the sphericity of the 
earth. M. Duhem shows that Leonardo was indebted to his 
predecessor for numerous initiatives, but that in nearly every 
case he developed an independent theory of his own. Thus, 
although he was led by Albertus to study the center of grav- 


* Lettered F in the Bibliothéque de l'Institut at Paris, and published by 
Ch. Ravaisson-Mollien in 1889. 

t ‘‘Comincato ammilano addi 12 dissettembre 1508,’ as the manuscript 
states. 
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ity of the pyramid, the theory itself was developed by him, 
and in it he anticipated by half a century the labors of Mau- 
rolycus and Commandinus. Furthermore, as early as 1508, 
when Copernicus was only beginning his study of the solar 
system, Leonardo was already setting forth his views in oppo- 
sition to the geocentric theory of the universe. In the same 
year, two generations before Palissy preached the doctrine, 
Leonardo formulated the principles that were afterwards 
accepted by the world as to the origin of fossils. In view of 
the testimony that M. Duhem adduces from the original manu- 
scripts, M. Ravaisson’s remark is not an exaggeration, that 
Leonardo should be looked upon as “le grand initiateur de la 
pensée moderne.” 

The second chapter treats of the indebtedness of the Spanish 
Jesuit Villalpand to the genius of Leonardo. Villalpand was 
born at Cordova in 1552 and died at Rome in 1608. The fact 
is established that Leonardo anticipated by a century certain 
discoveries of Galileo, that his knowledge of mechanics was 
remarkable for the time, and that he had apparently mastered 
all the works of his predecessors upon this subject. It is then 
shown that. Villalpand’s leading theorems upon the subject 
were apparently taken from or inspired by the manuscripts of 
Leonardo. 

The third chapter is devoted to the work of Bernardino 
Baldi (1553-1617), one of the most versatile scholars of his 
age. M. Duhem shows that he drew very largely upon the 
writings of his predecessor, and particularly in his theories of 
vortices, of the center of gravity, and of mechanics in general. 

Of still greater interest is the fourth chapter, in which the 
indebtedness of Roberval and Descartes is shown. This does 
not relate to pure mathematics, however, but only to questions 
of mechanics. 

The fifth chapter relates te the works of Thimon (Temo 
Judzeus, of the fourteenth century) and their influence upon 
Leonardo’s theory of tides, and upon his general view concern- 
ing the laws of hydrostatics and hydrodynamics. 

This is followed by a chapter upon the influence of Leonardo 
on Cardan (especially in De Subtilitate Libri X XI) and Ber- 
nard Palissy (in the theory of fossils). M. Duhem’s conclusion 
as to Cardan is what we might expect: “Comme Villalpand, 
comme Bernardino Baldi, comme tant d’autres de ses contem- 
porains, Cardan fut un plagiare; mais en plagiant les idées de 
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Léonard de Vinci, il les sauva de l’oubli; grace 4 la grande 
vogue de son livre étrange, il les sema partout, et son manque de 
scrupules leur fit produire les découvertes dont elles portaient 
le germe. Celui qui méne les pensées humaines fait servir au 
progrés de la Science les plus tristes faiblesses des savants.” 

The first volume closes with a chapter on the contributions 
of Leonardo to the theory of gravity, and one containing an 
excellent biography of Albert of Saxony. 

The second volume, which appeared in 1909, three years 
after the first, contains four parts. The first of these relates to 
“Jes deux infinis,” and discusses the theory of the infinite and 
the infinitesimal according to the ideas of Aristotle and the 
schoolmen, closing with extracts from Leonardo’s notes upon 
the subject. The reader naturally looks to see if the latter 
give any evidence of anticipating Cavalieri, but if he looks 
with expectation he is disappointed, for Leonardo explicitly 
takes the opposite view of geometric magnitudes. No idea of 
an integral calculus shows itself; and since Leonardo’s entire 
treatment relates to physics rather than to mathematics, one 
can hardly be surprised. 

The second chapter relates to the question of the plurality of 
worlds. In this Leonardo combats the assertion of Albertus 
Magnus that such plurality is impossible. To such a position 
he was undoubtedly led by the works of Nicolaus von Cuss 
{Nicolaus Cusanus, Nicholas of Cusa, 1401-1464), to whose 
contributions the third chapter is devoted. This chapter con- 
tains one of the best biographies of this great savant of the 
fifteenth century to be found anywhere. It is particularly 
valuable as showing both the influences that made Nicolaus the 
scholar that he was, and those that his writings exerted upon 
Leonardo. 

The work closes with the contributions of Leonardo to geol- 
ogy, already mentioned incidentally in the first volume. 

To the study of pure mathematics Leonardo da Vinci can- 
not be said to have contributed in any serious way. We have, 
it is true, some interesting geometric proofs that are due to 
him, and it is well known that geometry appealed to him, but 
his bent of mind was rather towards mechanics and the under- 
lying philosophy of applied mathematics than towards any 
form of analysis. It is in the theory of attraction, in hydro- 
dynamics, in the beginnings of celestial mechanics, in the 
theory of perspective, and in related topics, that the contribu- 
tions of Leonardo are to be found. 
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The work of M. Duhem is a monumental one and it is 
deserving of great commendation. He has made the learned 
world his debtor by this labor of love. He has not written a 
history of science, but he has composed a work of the kind that 
makes the history of science possible. 

Davin EvGene Situ. 


The Fundamental Theorems of the Differential Caleulus. By 
W. H. Youne. Cambridge University Press. ix +72 pp. 
As stated in the preface, “ rigidity of proof and novelty of 

treatment have been aimed at rather than simplicity of presen- 

tation, though this has never been lightly sacrificed.” The 
chapter headings are: I. Preliminary notions. II. Limits. 

III. Continuity and semicontinuity. IV. Differentiation. V. 

Indeterminate forms. VI. Maxima and minima. VII. The 

theorem of the mean. VIII. Partial differentiation and dif- 

ferentials. IX. Maxima and minima for more than one vari- 

able. X. Extensions of the theorem of the mean. XI. Im- 

plicit functions. XII. On the reversibility of the order of 

partial differentiation. XIII. Power series. XIV. Taylor’s 
theorem. 

The € argumentation usually found in such books is en- 
tirely absent. The notion of a limit point of a set of points 
is taken for granted and by means of it the whole theory 
of limits is constructed. Infinity is included among points 
approached as a limit point and hence without further par- 
ticular statement functions are permitted to approach infinity 
as a limit the same as any other value. Following Baire, 
functions are considered as approaching multiple limits instead 
of one unique limit. Hence it comes about that many theorems 
which we are wont to see stated for certain classes of functions 
in terms of the equality of unique limits are here stated for 
more general classes of functions in terms of the equality or 
inequality of the upper or lower limits approached. As an 
example we select the following : 

If, as x approaches the values a,, f(x) and F(x) have both 
the unique limit zero, or + 0, or — 0, then the limits of 
F(x) lie between* the upper and lower limits of 
(x)/F’(e), provided 

A. @ is not a limiting point of common infinities of f(x) 
and ; 


* 


r is said to lie between a and b ifa=r=b. 
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B. a is not a limiting po:nt of zeros of F(x) unless these 
zeros are also zeros of f(x) and 

C. F(x) is monotone. 

There are several departures from the usual treatments. 
Thus Baire’s definition of upper and lower semicontinuity is 
changed in conformity with the definitions used by Young in 
the Quarterly Journal, volume 39, pages 67-83. The indeter- 
minant forms 0/0 and oo /0o are treated without the use of the 
mean value theorem, as is also Taylor’s formula with a 
remainder. 

In the chapter on Taylor’s series the necessary and sufficient 
condition for the expansibility of a function of one real vari- 
able is stated to be that y"*? f(.)/(n + p)! shall be bounded 
for all values of n, p, x (under certain restrictions). This 
seems to be a simplification of the well known condition of 
Pringsheim that the expression given must approach zero uni- 
formly for certain y and x. It is curious that neither Prings- 
heim nor Young has hit upon the obvious condition, viz., that 
for some value of h, h" f{”_,,)/n! must be bounded or approach 
zero uniformly, as the case may be. 

There is throughout an endeavor to make the treatment very 
general. This often makes the theorems clumsy and the proofs 
complicated. Necessary and sufficient conditions seem to be 
insisted on wherever such have been found. 

The treatment not being designed for a first reading of the 
subject, many terms are left undefined, sometimes even to the 
confusion of the initiated. It is not surprising that semicon- 
tinuity (though upper and lower semicontinuity are defined) and 
uniform convergence of series are not defined, but it might well 
have been stated that a stretch means a rectangle. 

Misprints have been noted as follows: page 7, 2d line, for 
same read every. Page 12, last line, insert exponent n. Page 
32 in the statement of the theorem for f(a + @h)/n!, read 
hf(a + 0h)/n!. Page 37, the “equation to zero” had better 
read the “equating, etc.” 

In several instances an interval is said to be closed when 
there is no need for such restriction (cf. the definition of con- 
tinuity on page 8). 

The reviewer believes greater simplicity as well as generality 
could be achieved in some instances by considering multiple 
valued functions as well as multiple valued limits. A possible 
further simplification of the condition for the expansibility of a 
function in Taylor’s series has already been noted. 
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There are two appendices, one containing explanatory notes 
regarding certain theorems on sets of points which are involved 
in the treatment in the text and the other a short bibliography 
of recent papers by Young, Baire, Lebesgue, and others. Only 
twenty-five titles are given. 

N. J. LENNEs. 


NOTES. 


Tue Eighteenth Summer Meeting of the AMERICAN MATHE- 
MATICAL Socrety will be held at Vassar College on Tuesday 
and Wednesday, September 12-13. Titles and abstracts of 
papers intended for presentation at this meeting should be in 
the hands of the Secretary by Saturday, August 26. 


Tue April number (volume 12, number 3) of the Annals of 
Mathematics contains the following papers: ‘On the solutions 
of ordinary linear homogeneous differential equations of the 
third order,” by G. D. Brrkuorr ; “ Approximate representa- 
tion,’ by W. E. Byrerty; “Note on cubic equations and 
congruences,” by L. E. Dickson. 


At the meeting of the London mathematical society held on 
April 27, the following papers were read: By G. T. BENNETT, 
“On the geometry of a deformable octahedron”; by W. P. 
MILNE, “ A symmetrical method of apolarly generating cubic 
curves”; by G. N. Watson, “The solution of the homo- 
geneous linear difference equation of the second order (second 
paper)”; by G. B. Matuews, “ A cartesian theory of complex 
geometrical elements of space” ; by A. CunninGHAM, “ The 
number of primes of given linear form”; by M. J. M. Hix, 
“On the proofs of the properties of Riemann’s surfaces dis- 
covered by Liiroth and Clebsch.” 

At the meeting of May 11 the following papers were read : 
By G. T. Bennett, “Exhibition of a model of a deformable 
octahedron ”; by J. W. NicHo.son, “The scattering of light 
by a large conducting sphere.” 


THE Internationa] commission on the teaching of mathematics 
will hold its meeting this year at Milan September 18-20 
under the presidency of Professor F. Kern. 


THE fourth international congress of philosophy was held at 
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Bologna April 6-11 under the presidency of Professor F. 
ENRIQUES. 


THE Italian mathematical society Mathesis has undertaken 
the preparation of an encyclopedia of elementary mathematics, 
primarily for the use of teachers in the secondary schools. The 
board of editors is composed of Professors L. BERZoLARI, G. 
VivantTl, F. GERBALDI, R. Bonoia and E. VENERoni. The 
work will comprise 44 monographs, to be published in three 
volumes, the first of which will treat of analysis, the second of 
geometry, and the third of applications, history, and didactics. 


THE provisional report of the national committee of fifteen 
on geometry has been completed and will be presented at the 
next meeting of the National educational association to be held 
at San Francisco, July 8 to 14. 


A SpaNisH mathematical society has been organized at 
Madrid, where its first meeting was held on April 5. J. 
EcHFGARAY was elected president. The society will publish 
a Bulletin which will be in charge of C. J. Ruepa, L. O. DE 
ToLepo, A. KraweE and J. R. Pastor. 


To perpetuate the memory of the late Professor J. Tan- 
NERY, of the Ecole Normale Supérieure, a committee composed 
of the director of the school, M. Poayet ; M. Liard, the rector 
of the University of Paris; Professors Poincaré and Darboux 
have issued an appeal to all who knew Professor Tannery and 
to others who are mindful of the work he accomplished to 
assist in having his portrait hung in the public hall of the 
Ecole Normale. Contributions should be sent to the treasurer, 
M. Paul Pupuy, secretary of the Ecole Normale, 45 rue d’Ulm, 
Paris V. 


Tue Smith’s prize committee of Cambridge University has 
declared G. H. Livens, of Jesus College, first prize man, for 
his essay: “ The influeuce of density upon the position of lines 
of emission and absorption in a gas spectrum,” and W. E. H. 
Berwick, of Clare College, second prize man for his essay : 
“On the theory of relative fields.” The essays of C. G. 
Darwin, Trinity College, S. Lees, St. John’s, and A. W. H. 
THompson, Trinity, received honorable mention. 


Tue following doctorates in mathematics were conferred by 
the University of Paris during the academic year 1909- 1910: 
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L. Roy, “ Recherches sur les propriétés thermo-mécaniques des 
corps solides” (doctorat d’état); M. Haaa, “ Familles de 
Lamé, composées de surfaces égales, généralisation, applica- 
tions ” (doctorat d’état); Z. pe Gerocze, “ Quadrature des 
surfaces courbes” (doctorat d’université). 


THE following university courses are announced for the 
summer of 1911: 


University oF Cuicaco. Summer quarter (June 19-Sep- 
tember 1). — By Professor E. H. Moore: Integral equations, 
four hours, first term ; General analysis, five hours, first term. 
— By Professor J. W. Youna: Synthetic projective geom- 
etry, four hours.— By Professor J. W. A. Youne: Review 
of secondary mathematics, four hours. — By Professor G. A. 
Buss: Elliptic integrals, four hours ; Calculus of variations, 
four hours. — By Professor H. F. Buicurei_pr: Finite col- 
lineation groups, four hours. — By Professor A. C. LUNN: 
Analytic mechanics, four hours; Vector analysis, four hours. 


Co_umBia Universiry. Summer session (July 5-August 
16). — By Professor H. S. Wuire: Theory of functions of a 
real variable. — By Professor Epwarp Kasner: Differential 
geometry. — By Professor W. B. Fire: Higher algebra. 


Inprana University. Summer term (June 22 to Septem- 
ber 1, 1911).— By Professor S. C. Davisson: Theory of 
surfaces, five hours. — By Professor D. A. Rorurock :- Calcu- 
lus of variations, five hours (first half-term); Advanced calculus, 
five hours; History of mathematics (first half-term).— By Pro- 
fessor U. S. Hanna: Ordinary differential equations, five 
hours; Surveying, five hours. — By Mr. K. P. 
Solid analytic geometry (first half-term). 


Tue following university courses are announced for the 
academic year 1911-1912: 


CoLtumBia University. — By Professor C. J. Keyser: 
Modern theories in geometry, three hours; The principles of 
mathematics, three hours. — By Professor T. S. Fiske: Ad- 
vanced calculus, introduction to the theory of functions of a 
real variable, three hours ; Theory of functions of a complex 
variable, three hours. — By Professor F. N. Cote: Theory of 
groups, three hours ; theory of invariants, three hours. — By 
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Professor JaMES Maciay: Higher algebra, three hours ; 
Elliptic functions, three hours. — By Professor D. E. Smiru: 
History of mathematics, three hours. — By Professor EpwarD 
Kasner: Differential equations, three hours, second half year ; 
Dynamical geometry, three hours. — By Dr. N. J. LenNes: 
General theory of assemblages, three hours. 

The mathematical colloquium will meet at intervals of about 
two weeks. 

In October and November Professor J. HADAMARD, of the 
Collége de France, will give at Columbia University courses 
extending through four or five weeks as follows: Calculus of 
variations, Tuesday and Thursday afternoons from four to six ; 
Partial differential equations of physics, Wednesday and Friday 
afternoons from four to six; four lectures on The definition of 
solutions of linear partial differential equations by boundary con- 
ditions, Recent application of certain mathematical theories to 
physical problems, Analysis situs, and Elementary solutions of 
partial differential equations and Green’s functions, Saturday 
mornings from half past ten to half past twelve. 

The Saturday lectures are open to all persons interested in 
mathematics. 


UNIVERSITY OF ILLINOIS. — By Professor E. J. Town- 
SEND: Theory of functions of a complex variable, three hours; 
Seminar in special topics in the theory of functions. — By Pro- 
fessor S. W. Suattuck: Differential equations and calculus 
of variations, three hours.— By Professor G. A. MILLER: 
Theory of numbers, three hours. — By Professor H. L. Rievz : 
Theory of statistics, three hours. — By Professor C. H. Sisam : 
Solid analytic geometry, three hours. — By Professor J. B. 
Saw: Theory of potential and related functions, three hours ; 
Seminar course in general algebra. — By Professor A. Emcu : 
Projective geometry, three hours. — By Dr. A. R. CRATHORNE : 
Theory of functions of a real variable, three hours. — By Dr. 
R. L. Borcer: Invariants and higher plane curves, three 
hours. — By Dr. E. B. Lyte: Teachers course in mathema- 
tics, two hours (second semester). 


InpianaA UNIVERSITY. — By Professor 8. C. Davisson : 
Theory of functions, three hours (a, w, s).— By Professor D. 
A. RotHrock: Contact transformations, two hours (a, w) ; 
Differential equations, three hours (a, w) ; Fourier series, three 
hours (s). — By Professor U. S. Hanna: Elliptic functions, 


~ 
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two hours (a, w, 8); Advanced calculus, three hours (a, w, 8). 
— By Professor R. D. CARMICHAEL : Linear differential equa- 
tions, three hours (a, w, s); Difference equations, three hours 
(a, w, 8). (Note: Autumn, winter, spring terms are denoted 
by a, w, 8.) 


Jouns Hopkins University. — By Professor F. MorLeEy : 
Higher geometry, three hours ; Theory of functions, two hours ; 
Vector analysis, two hours.— By Professor A. B. CoBLe: 
Theory of groups, three hours; Theory of correspondences, 
three hours. — By Dr. A. ConEN: Elementary theory of func- 
tions, three hours ; Differential equations, two hours; Differ- 
ential geometry, two hours. 


Princeton University. —(In addition to the courses an- 
nounced in the May Butuerin.) By Professor O. VEBLEN : 
Seminar in geometric group theory, both terms.— By Professor 
G. D. Brrxuorr: Seminar in linear difference equations, both 
terms. — By Professor E. P. Apams: Analytic mechanics, three 
hours. 


YALE University. — By Professor J. Pierpont: Theory 
of functions of a coraplex variable, two hours ; Modern analytic 
geometry, two hours; Advanced differential equations, two 
hours; Theory of numbers, two hours. — By Professor P. F. 
Smitu: Differential geometry, two hours ; Geometric analysis, 
one hour.— By Professor E. W. Brown: Mechanics, two 
hours ; Advanced calculus, three hours ; Celestial mechanics, 
two hours. — By Professor W. R. : Calculus of vari- 
ations, two hours. —By Dr. H. F. MacNeisu: Differential 
equations, one hour. — By Dr. G. M. ConwELu: Foundations 
of geometry, two hours.— By Dr. G. F. GUNDELFINGER =: 
Analytic geometry, two hours. — By Dr. D. D. Lets: Trans- 
formations of space, two hours. — By Dr. E. J. Mites: Ad- 
vanced algebra, two hours. — By Mr. W. A. Witson: Theory 
of functions of a real variable, two hours. 


Proressor D. Hivpert, of the University of Géttingen, 
has been elected corresponding member of the academy of 
sciences of Paris. Professor Lorentz, of the University of 
Leyden, has been elected foreign member of the same academy. 


Proressor M. NoetHer, of the University of Erlangen, 
has been elected foreign associate of the Italian academy of 
sciences (the XL). 
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Proressor L. ScHLESINGER, of the University of Buda- 
pest, has accepted a professorship of mathematics at the 
University of Giessen. 


Proressor Max Dean, of the University of Minster, has 
been appointed to an associate professorship of mathematics at 
the University of Kiel. 


THE Adams prize has been awarded to Professor A. E. H. 
LovE for his paper on “ Certain problems of geodynamics.” 


THE University of Aberdeen has conferred the honorary 
degree of LL.D. on Major P. A. MacManon. 


THE following members of the mathematical staff of the 
University of Moscow have resigned: Professor CERASKI, 
S. TscHAPLIGIN, Professor B. MLopzEJEwsky, Dr. S. V1No- 
Grabow, Dr. A. Vuasov, Dr. A. VoLKov, Dr. J. ZEGALKIN, 
Dr. A. PoLsaKov. 


At the meeting of the National academy of sciences held at 
Washington, April 20, Professor E. B. VAN VLECK, of the 
University of Wisconsin, was elected to membership ; Professor 
V. VoiTerrRA, of the University of Rome, was elected a 
foreign associate. 


Proressor H. Y. BENepict, of the University of Texas, 
has been made dean of the college of arts. 


At the Massachusetts Institute of Technology, associate pro- 
fessor E. B. Witson has been promoted to a full professorship 
of mathematics. 


Proressor J. W. Youna, of the University of Kansas, has 
been appointed professor of mathematics in Dartmouth College. 


Proressor J. K. Wuitremore, of Harvard University, 
has been appointed professor of mathematics at Western Reserve 
University. 


Proressor F. L. Grirrry, of Williams College, has been 
appointed professor of mathematics at Reed College, Portland, 
Ore. 


Dr. E. J. Mrxes, of Cornell University, has been appointed 
instructor in mathematies in the Sheffield Scientific School of 
Yale University. 
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At the University of Illinois the following changes are an- 
nounced: Dr. R. K. Morey, of the Worcester Polytechnic 
Institute, has heen appointed instructor in mathematics; Mr. 
E. B. Srourrer and Mr. 8. A. RAWLIN have been appointed 
assistants in mathematics. Dr. THomas Buck has been ap- 
pointed instructor in mathematics at the University of 
California. 


Mr. R. E. Root, of the University of Chicago, has beén 
appointed instructor in mathematics at the University of 
Missouri. 


Dr. H. H. MircuHe tt, of Yale University, has accepted an 
instructorship in mathematics at the University of Pennsylvania. 


Dr. Frank Irwin, of Princeton University, has been 
appointed instructor in mathematics in the University of Cali- 
fornia. 


At Columbia University Professor C. B. Upton has been 
appointed secretary of Teachers College. Mr. L. L. DineEs 
and Mr. G. H. Graves have been appointed instructors in 
mathematics. 


ProFressor R. Bonowa, of the normal school at Rome, died 
May 16 at the age of 36 years. 


NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


Asuton (C. H.). Die Heineschen O-Funktionen und ihre Anwendungen 
auf die elliptischen Funktionen. (Diss.) Miinchen, 1909. 8vo. 62 pp. 


Baxer (A. L.). Quaternions as the result of algebraic operations. 
New York, Van Nostrand, 1911. 12mo. 100 pp. $1.25 


Baker .(R. P.). Problem of the angle-bisectors. Chicago, University 
of Chicago, 1911. 4to. 104 pp. $1.00 


Batt (W. W.R.). Ricreazioni e ".eTN matematici dei tempi antichi e 
moderni. Bologna, Zanichelli, 1911. 8vo. 2+398 pp. L. 10.00 


Briies (M.). Zur Theorie der desmischen Flichen vierter Ordnung. 
(Diss.) Bonn, 1910. 8vo. 48 pp. 


CaRLEBACH (J.). Lewi ben Gerson als Mathematiker. Ein Beitrag zur 
Geschichte der Mathematik bei den Juden. Berlin, Lamm, 1910. 
8vo. 239 pp. Cloth. M. 6.00 
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Biicuer, neue, iiber Naturwissenschaften und Mathematik. Die Neuig- 
keiten des deutschen Buchhandels nach Wissenschaften geordnet. 
Leipzig, Hinrichs, 1911. 8vo. pp. 65-88. M. 0.30 


Courant (R.). Ueber die emcee des Dirichletschen Prinzipes auf 
“ Probleme der konformen Abbildung. Géttingen, 1910. 8vo. 
pp. 
Dinecter (H.). Die Grundlagen der angewandten Geometrie. Eine 
Untersuchung iiber den Zusammenhang zwischen Theorie und Erfahr- 
ung in den exakten Wissenschaften. Leipzig, Akademische Mig A 
gesellschaft, 1911. 8vo. 8+160 pp. 


Dixer (W.). Ueber Beziehungen der Strahlenkomplexe zweiten 
zu den Flachen zweiter Ordnung. Rostock, 1910. 8vo. 80 pp. 


Forster (J.). Allgemeine elementare Lésung.des Problems von Fermat, 
+ y" = 2", n >2, mittelst der “descente infinie.”” Wien, Holzhausen, 


1911. 8vo. 10 pp. M. 0.50 
Frost (P.). An elementary treatise on curve tracing. 2d — 
London, Macmillan, 1911. 8vo. 0s. 


Herrrer (L.). Ueber Wesen, Wert, und Reiz der Mathematik. ade 
Kiel, Lipsius, 1911. 8vo. 14 pp. 


HE.LuLINGER (E.). Neue Begriindung der Theorie quadratischer 
von unendlichvielen Verinderlichen. Marburg, 1909. 4to. 62 pp. 

Jans (C.). Over Krommen von Clairaut, Boscowich en Playfair. Gent, 
Hoste, 1910 

KLINGELHOFFER (R.). Der Fermatsche Satz. Frankfurt, 1910. M. 2.00 

KosBer kinetische Brennpunkte. Breslau, 1910. 
8vo. 

Koca ( zur affinen Geometrie der Flachen zweiten Grades. 
(Diss.) Kiel, 1910. S8vo. 51 pp. 


KoMMERELL (V.) und Kommere.t (K.). Spezielle Flachen und Theorie 
der Strahlensysteme. (Sammlung Schubert, LXII.) Leipzig, be 
schen, 1911. 8vo. 6+171 pp. Cloth. M. 


Leson (E.). Sur le calcul avec une équation indéterminée des carac- 
téristiques entrant dans une table de facteurs premiers des grands 
nombres. Paris, Société Philomatique de Paris, 1910. 8vo. 7 pp. 


LeFEBvRE (E.). Cours d’analyse infinitesimale de I’Ecole militaire. 
Deuxiéme partie. Livre I. Gand, Meyer, 1911. 8vo. 14+456 


pp. Fr. 10.00 
Mera (B.). Zur Erinnerung an Ernst Eduard Kummer als Lehrer. 
Berlin, Mathematischer Verein der Universitat, 1910. M. 0.30 


Montrort (P.). Die Auflésung der numerischen Gleichungen nach 
Fourier. Leipzig, Teubner, 1910. 


Miwnrz (C.). Zum Randwertproblem der partiellen Differentialgleichung 
der Minimalflichen. (Diss.) Berlin, 1910. 4to. 32 pp. 


PreirrerR (F.). Das die Raumkurven begleitende Dreikant. (Diss.) 
Wiirzburg, 1910. 8vo. 35 pp. 


Prasap (G.). A text-book of differential calculus. New York, Longmans, 
1911. 8vo. 10+161 pp. $1.50 
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—. A integral calculus. New York, Longmans, 1911. 
8vo. 10+241 $1.50. 


Pustau (W.). “pill des grossen Fermatschen Satzes. Frankfurt, 
Knauer, 1911. 8vo. 12 pp. M. 2.00 


RatTscHLAGE und Erlauterungen fiir die Studierenden der Mathematik 
und Physik an der Universitat Géttingen. Leipzig, Teubner, 1911. 
8vo. 34 pp. M. 1.00 

Ricuert (P.). Die ganze rationale Funktion vierten Grades und ihre 
Kurven. Berlin, 1910. 4to. 19 pp. 


PascaL (E.). Lezioni di calcolo infinitesimale. (Manuali Hoepli.) 
Parte II. 3a edizione riveduta. Milano, Hoepli, 1911. 16mo. 
8+330 pp. 

S. (F. R.). Calculus made easy. A very simplest introduction to those 
beautiful methods of reckoning which are generally called by the ter- 
rifying names of the differential and integral calculus. New York, 
Maemillan, 1911. 12mo. 8+178 pp. $0.75 


Scuerrers (G.). Lehrbuch der Mathematik fiir Studierende der Natur- 
wissenschaften und der Technik. Einfiihrung in die Differential- und 
Integralrechnung und in die analytische Geometrie. Zweite Auflage. 


Leipzig, Veit, 1911. 8vo. 8+732 pp. Cloth. M. 19.50 
ScHNEIDER (J. J.). Die Kugelfallprobe. Berlin-Charlottenburg, 1910. 
8vo. 50 pp. 


ScuwaNnTKE (C.). Ueber den axiomatischen Aufbau einer Geometrie 
linearer Kugelsysteme. Marburg, 1910. S8vo. 42 pp. 

Serret (J. A.). Cours de calcul différentiel et intégral. 6e édition. 2 
volumes. Paris, Gauthier-Villars, 1911. 8vo. Tome ler, 8+-617 pp.; 
tome 2, 8+904 pp. Fr. 25.00 

Sracxet (P.). Geltung und Wirksamkeit der Mathematik. Karlsruhe, 
1910. 8vo. 18 pp. 

STEINBACHER (F.). Abelsche KGrper als Kreisteilungskérper. Berlin, 
1910. 4to. 16 pp. 

Sretcz (G.). Der “Grosse Satz” Fermats, ohne Kongruenzen bewiesen. 
Budapest, Kilién, 1910. 8vo. 102 pp. M. 4.00 

Surni. La confutazione della geometria non-euclidea e la teoria naturale 
delle parallele. Piacenza, Porta. 8vo. 27 pp. 


Vipat (P. C.). Balance algébrique pour obtenir les racines réeiles des 
équations algébriques ou transcendentes avec une inconnue. Barce- 
lone, Guinart, 1911. 


Vords (C.). Analitika geometrio absoluta. La ebeno Bolyaia. Buda- 
pest, Kékai, 1910. 8vo. 134 pp. M. 9.60 
——. Elementoj de la geometrio absoluta. Budapest, Kékai, 1911. 
106 pp. M. 4.80 


Wirtine (A.). Die mathematischen Wissenschaften. 2ter Band. 2te 
Auflage. Aus “Schaffen und Schauen.” Leipzig, Teubner, 1911. 


Wo.trke (M.). Ueber die Abbildung eines Gitters bei kiinstlicher Be- 
grenzung. Breslau, 1910. 8vo. 51 pp. 


ZoretTtT1 (L.). Legons sur le prolongement analytique. Professées au 
Collége de France. Paris, Gauthier-Villars, 1911. S8vo. 6+115 pp. 
Fr. 3.75 
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II. ELEMENTARY MATHEMATICS. 


Auicock (C. H.). Theoretical geometry for beginners. Revised and 
rearranged. PartI. New York, Macmillan, 1911. 12mo. 12+125 
pp. $0.40 

Ama.pi (U.). See Enriques (F.). 

AmopeEo (F.). Aritmetica ed algebra, ad uso delle scuole medie di 2° grado. 
Napoli, Pierro, 1910. 16mo. 16+719 pp. L. 5.50 


——. Aritmetica ed algebra, ad uso del A mee degli istituti tecnici. 
Napoli, Pierro, 1910. 16mo. 8+366 L. 3.00 


——. Aritmetica generale ed algebra, ad uso ape la e 2a classe liceale. 
Napoli, Pierro, 1910. 16mo. 7+358 pp. L. 3.00 
——. Aritmetica particolare e generale, ad uso delle scuole medie di 2° 
grado, especialmente delle scuole normali. 3a edizione, migliorata. 
Napoli, Pierro, 1910. 16mo. 14+359 pp. L. 3.75 
——. Elementi di algebra. (Elementi di matematica.) Parte I del 
volume II. 2a edizione, migliorata. Napoli, Pierro, 1910. 16mo. 


12+180 pp. L. 2.00 
——. Elementi di matematica. Volume II, per la 2a classe normale. 
5a edizione. Firenze, LeMonnier, 1911. 8vo. 185 pp. L. 1.50 
——. Elementi di matematica. Volume I, per la la classe. 6a impres- 
sione. Firenze, LeMonnier, 1911. 8vo. 4+207 pp. L. 1.50 


Arzeta (C.). Trattato d’algebra elementare. (Collezione scolastica.) 
Terza edizione, completamente rifatta, 5a impressione. Firenze, Le 
Monnier, 1911. 16mo. 11+503 pp. L. 3.50 


Bosto (C.). Nozioni di aritmetica, geometria e computisteria, corredate 
da molti esercizi orali e scritti. Torino, Paravia, 1910. 16mo. 
272 pp. L. 1.00 


Bourtet (C.). Cours abrégé de géométrie avec de nombreux exercices 
théoriques et pratiques et des applications au dessin géométrique. 
38e édition. Paris, Hachette, 1911. 16mo. 8+239 pp. 

Fr. 1.80 


——. Pequefio curso de arithmética. Primera parte. Clases prepara- 
tores. Versién castellana de la quinta edicién francesa, por D. M. 
Ruiz. laedicién. Paris, Hachette, 1911. 16mo. 136 pp. Fr. 1.50 


CuiLp (J. M.). See Lock (J. B.). 


Coates (J. V. N.). A first book of geometry. (First books of science.) 
London, Macmillan, 1911. S8vo. 10+142 pp. 1s. 6d 


(E.). Compléments d’algébre élémentaire l’usage de l’enseig- 
nement moyen et des candidats aux écoles spéciales. Quatriéme 
édition. Bruxelles, De Boeck, 1911. 8vo. 188 pp. Fr. 3.50 


——. Traité d’algébre élémentaire 4 l’usage de l’enseignement moyen. 
Cinquiéme édition. Bruxelles, De Boeck, 1911. 8vo. 332 pp. 
Fr. 4.50 


CoLLEGE entrance examination board. Examination questions in mathe- 
matics. Second series, 1906-1910. Boston, Ginn, 1910. 8vo. 
64 pp. $0.35 
Crantz (P.). Planimetrie zum Selbstunterricht. (Natur und Geistes- 


welt. Sammlung wissenschaftlich-gemeinverstandlicher Darstellungen. 
340.) Leipzig, Teubner, 1911. 8vo. 4+134pp. Cloth. M.1.25 
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Crosara (L.). Trattato di geometria elementare. Parte I. Venezia, 
Sorteni e Vidotti, 1911. 8vo. 7+119 pp. L. 1.60 


Diistnc (K.). Leitfaden der Kurvenlehre. Fiir héhere technische 
Lehranstalten und zum Selbstunterricht. Hannover, Jiinecke, 1911. 
8vo. 9-+144 pp. M. 2.20 

Enriques (F.) e Amatpr (U.). Elementi di geometria. (Nostrae 
litterae, I.) Seconda edizione. Bologna, Zanichelli, 1911. 16mo. 
8+270 pp. L. 2.00 

Fervat (H.). Eléments de trigonométrie rédigés conformément aux 
programmes de l’enseignement secondaire et de _ l’enseignement 
primaire supérieur. 5e édition, revue. Paris, Hachette, 1911. 16mo. 
304 pp. Fr. 2.50. 

Gerret (G.) und Hecur (C.). Mathematisches Lehrbuch fiir héhere 
weibliche Bildungsanstalten. Bielefeld, Velhagen,1910. 8vo. 4+145 
pp. Cloth. M. 1.80 

GumarigEs (R.). Geometria e trigonometria espherica. (Bibliotheca do 
Provo e das escolas, 29a serie, numero 231.) Lisboa,1910. 50 Reis. 


Haase (A.). Die Anfangsgriinde der analytischen Geometrie der Ebene. 


St. Petersburg, Eggers, 1911. Svo. 81 pp. Cloth. M. 3.00 
Harren (G.). Produzioni matematiche. Casale, Torelli, 1911. 8vo. 
73 pp. 
Haut (H. S.). A school algebra. Part II. London, Macmillan, 1911. 
8vo. 1s. 6d. 


Hecut (C.). See Gerret (G.). 

Hecut (C.) und KiArner (K.). Mathematisches Lehrbuch fiir Knabens- 
mittelschulen. Arithmetik und Algebra. Bielefeld, Velhagen, 
1911. 8vo. 6+168 pp. Cloth. M. 1.50 

Hue (T.) et Vacnier (N.). Compléments de géométrie. Paris, Dela- 
grave, 1911. 8vo. 144 pp. Fr. 1.25 

KLARNER (K.). See Hecut (C.). 

Lamaprip (A. A.). Curso elemental de dlgebra. Paris, Bouret, 1911. 
16mo. 207 pp. 

Lesser (O.). See Scuwas (K.). 


Lock (J. B.) and Cup (J. M.). A new trigonometry for schools and 
colleges. London, Macmillan, 1911. 8vo. 12+488 pp. 6s. 


Matuematicat Papers for admission into the Royal Military Academy 
and the Royal Military College for the years 1905-1911. Edited by 
E. J. Brooksmith and R. M. Milne. London, Macmillan, 1911. 
8vo. 6s. 


Mopon1 (C.). See (F.). 
Noopt (G.). Mathematische Unterrichtsbiicher fiir héhere Madchen- 


schulen. Bielefeld, Velhagen, 1910. 8vo. 5+180 pp. Cloth. 
M. 2.20 


Pastour (J.). Legons progressives de géométrie élémentaire théorique 
et pratique, rédigées conformément au programme du 27 juillet 1905. 
2e édition. Paris, 1911. 12mo. 343 pp. Fr. 2.25 


Riwonpin1 (F.) e Moponi (C.). Elementidialgebra. Bologna, Beltrami, 
1910. 16mo. 96 pp. 


1911.] NEW PUBLICATIONS. 501 


Scu.iisseL zu den Dreiecksaufgaben der Trigonometrie und Planimetrie. 
Aachen, Schweitzer, 1911. 8vo. 31 pp. M. 1.00 
ScurutKa (L.). Theorie und Praxis des on Rechenschreibers. 
Wien, Deuticke, 1911. 8vo. 10+96 M. 3.00 
Scuwas (K.) und Lesser (O.). eats Unterrichtswerk zum 
Gebrauch an héheren Unterrichtsanstalten. Leipzig, Freitag, 1911. 
8vo. 211 pp. Cloth. M. 3.00 


Scoto (G.). Elementi di geometria. 3a edizione. Palermo, Sandron, 
1911. 16mo. 252 pp. L. 2.3 

SKINNER (E. B.). High school course in mathematics. (High school 
series, no. 8.) Madison, Wis., University of Wisconsin, 1910. 8vo. 
104 pp. 

Socci (A.) e Totome: (G.). Elementi di geometria secondo il metodo di 
Euclide. Volume III, per la 2a classe liceale. 7a edizione. Firenze, 
Le Monnier, 1911. 8vo. 149 pp. L. 1.50. 

TANNERY (J.). Lecons d’arithmétique théorique et pratique. Paris, 
Colin. Svo. 545 pp. Fr. 7.00 

Tuomas (D.). Practical geometry for junior forms. London, Arnold, 
1911. 16mo. 112 pp. Is. 4 


(G.). See Soccr (A.). 


VAHLEN (T.). Konstruktionen und Approximationen in systematischer 
Darstellung. (Teubner’s Sammlung von Lehrbiichern auf dem Gebiete 
der mathematischen Wissenschaften.) Leipzig, Teubner, 1911. 
8vo. 12+349 pp. Cloth. M. 12.00 


VacnieR (N.). See Hue (T.). 


Wareny (C.). Los metodos de la integracion. Santiago de Chili. 

8vo. 233 pp. Fr. 5.00 
——. Trigonometria esferica. Valparaiso. 8vo. 219 pp. Fr. 6.00 
Wuiterorp (J.). The trisection of the angle by plane geometry. Verified 


by trigonometry, with concrete examples. London, McKelvie, 1911. 
4to. 169 pp. 


III. APPLIED MATHEMATICS. 


AnprEws (E. S.).. The theory and design of structures. A text-book for 
the use of students, draughtsmen and engineers. London, Van 
Nostrand, 1910. 601 pp. Cloth. $3.50 


Ave (J.). Zur Berechnung der Spannungen in gekriimmten Staben unter 
Anwendung der optischen Methode. Jena, 1910. 8vo. 49 pp. 
AUFFENBERG (H.). Untersuchungen der Schwingungen mechanisch- 

gekoppelter Systeme. Halle, 1909. 4to. 34 pp. 
BarTLett (G. M.). See Cuurcu (A. E.). 
Beit (H.). Variationen des Kontaktpotentials. Rostock, 1910. 8vo. 
O pp. 
Betot (E.). L’origine dualiste des mondes. Essai de cosmogonie tourbil- 
lonaire. Paris, Gauthier-Villars, 1911. 8vo. 12+280 pp. Fr. 10.00 


Berry (C. W.). The temperature-entropy diagram. 3d_ edition. 
New York, Wiley, 1911. 12mo. 18+393 pp. $2.50 


502 NEW PUBLICATIONS. [June, 


Boussinesg (J.). Sur les principes de la mécanique et sur leur applica- 
bilité 4 des phénoménes qui semblent mettre en défaut certains d’entre 
eux. 1910. 4to. 38 pp. Fr. 2.00 


BreENDEL (M.). Theorie der kleinen Planeten. (Abhandlungen der 
k6niglichen Gesellschaft der Wissenschaften zu Géttingen.) Berlin, 


Weidmann, 19il. Svo. 5+124 pp. M. 12.00 
Briot (C.) et Vacquant (C.). Arpentage, levé des plans et nivellement. 
12e édition. Paris, Hachette, 1911. 16mo. 244 pp. Fr. 3.00 


Cavparera (F.). Memoria sul moto dei pianeti. Seconda edizione, migli- 
orata. Palermo, Virzi, 1911. 4to. 44 pp. 


Cartius (F.). Zur Theorie der astronomischen Stralhenbrechung. Leipzig, 
1910. Svo. 47 pp. 

Cuurcu (A. E.) and Bartiett (G. M.). Elements of descriptive geometry ; 
with applications to spherical and isometric projections, shades and 
shadows, and perspective. New York, American Book Co., 1911. 
8vo. 286 pp. $2.25 

——. Elementsof descriptive geometry. Part I: Orthographic projection. 
New York, American Book Co., 1911. S8vo. 178 pp. $1.75 

Crayton (A. A.). A new system of reckoning the length of lines of 
latitude and longitude. Pennsboro, W. Virginia, Clayton, 1911. 8vo. 
20 pp. $1.00 


CoNNAISSANCE des temps ou des mouvements célestes pour le méridien 
de Paris, 4 l’usage des astronomes et des navigateurs. Paris, Gauthier- 


Villars, 1910. S8vo. 7+810 pp. Fr. 4.06 
Creuier (L.). Systémes cinématiques. (Collection Scientia.) Paris, 
Gauthier-Villars, 1911. 8vo. 100 pp. Fr. 2.00 


Dorcuett (S.). Table nautique. Azimut et hauteur approchée d’un 
astre queleonque. Paris, Challamel, 1911. 8vo. 16+32 pp. 


Duriey (R. J.). Kinematics of machines; an elementary text-book. 
New York, Wiley, 1911. 8vo. 8+397 pp. $4.00 
Frrepet (G. Lecgons de cristallographie. Paris, Hermann. §8vo. 
4+310 pp. Fr. 10.00 


GREENHILL (G.). Report onthe theory of a stream line past a plane barrier, 
and of the discontinuity arising at the edge, with an application of 
the theory to an aeroplane. London, Wyman, 4to. 96 pp. 


GrossMANN (J.) et GrossMANN (H.). Horlogerie théorique. Avec une 
préface de E. Caspari. Tomel. 1911. S8vo. 408 pp. Fr. 15.00 

Hinricus (W.). Beitrag zur Theorie der natiirlichen Blende optischer 
Instrumente. Rostock, 1910. 8v 129 pp. 

Huttscrk (K.). Ein Beitrag zur Theorie des Hodographen der Planeten- 
und harmonischen Bewegung. Greifswald, 1910. Svo. 48 pp. 
Jacos (L.). Le calcul mécanique. Paris, Doin, 1911. 18mo. 16+ 

412 pp 
JouNSON (V.E.). Theory and practice of model aeroplaning. New York, 
Spon, 1911. 12mo. 163 pp. $1.50 
Kiri (J. F. Physical significance of entropy or of the second law. 


New York, Van Nostrand, 1910. 108 pp. Cloth. $1.50 


1911.] NEW PUBLICATIONS. 503 . 


Kister (F. W.). Logarithmische Rechentafeln fiir Chemiker, Phar- 
mazeuten, Mediziner, und Physiker. Leipzig, Veit, 1911. 8vo. 
107 pp. Cloth. M. 2.40 


LitiENTHAL (O.). Bird flight as the basis of aviation. A contribution 
towards a system of aviation. Translated from the 2d edition by 
A. W.Isenthal. New York, Longmans,1911. 8vo. 24+142 P80 

2. 


Marec (E.). Les enroulements industriels des machines 4 courant 
continu et 4 courants alternatifs. Avec une préface de P. Janet. 
1911. 8vo. 10+240 pp. Fr. 9.00 


Martraucu (J.). Lehr- und Aufgabenbuch der darstellenden Geometrie 
fiir Oberrealschulen. Wien, Pichler, 1910. 8vo. 7+261 pp. 


Metter (H.). Graphische Berechnungsmethoden im Dienste der 
Naturwissenschaft und Technik. Ziirich-Selnau, Leeman. 16mo. 
71 pp. Fr. 2.00 


Mouitor (D. A.). Kinetic theory of engineering structures. New York, 
McGraw, 1911. 8vo. 366 pp. $5. 


Mortey (A.). Mechanics for engineers. 3d edition. New York, Long- 
mans, 1911. 12mo. 11+290 pp. $1.20 


NApa1 (A.). Untersuchungen der Festigkeitslehre mit Hilfe des thermo- 
elektrischen Temperaturmessverfahrens. Berlin, Ebering, 1911. 
8vo. 51 pp. M. 2.50 


NeEvENDoRFF (R.). Praktische Mathematik. (Aus Natur und Geistes- 
welt. Sammlung wissenschaftlich-gemeinverstindlicher Darstellun- 
gen. 341.) Leipzig, Teubner, 1911. 8vo. 6+105 pp. on te 


Nevuaus (O.). Geheimnisse des Schnellrechnens. Rechnen ein Ver- 
gniigen! Ein Nussknacker fiir gute und bése Rechner. 5te ey" 
Papiermiihle, Vogt, 1911. S8vo. 3+43 pp. M. 1.00 


Parker (G. W.). Elements of mechanics. New York, Longmans, 1911. 
8vo. 9+245 pp. $0.90 


PenpeR (H.). Principles of electrical engineering. New York, Van 
Nostrand, 1910. 351 pp. Cloth. $4.00 


Puanck (M.). Vorlesungen iiber Thermodynamik. Dritte erweiterte 
Auflage. Leipzig, Veit, 1911. Svo. 8+288 pp. Cloth. M. 7.50 


Ricuarz (F.) und NeuMANN (E.). Ueber ein Mass des Verdachtes auf 
systematische Fehler. Marburg, 1909. 4to. 21 pp. 


Scuituine (K.). Ueber die Elektrizitatsleitung in festen Kérpern und 
die Minimalwerte des Widerstandes. Freiburg, 1910. 8vo. 71 pp. 


Situ (A.). Stresses in simple framed structures. A text-book to ac- 
company exercises in the computation of the axial stresses in the 
members of load bearing frames. West Lafayette, Ind., Smith, 
1911. 8vo. 190 pp. $2.50 


Soma (R.). Il cannocchiale geometrico in relazione all’ottica fisiologica. 
Napoli, 1910. L. 4.00 


SONNENSCHEIN (V.). Bestimmung von Phasenverschiebung und Kapazitat 
an umkehrbaren Elektroden mit Hilfe des Oszillographen. Rostock, 
1910. 8vo. 46 pp. 


504 NEW PUBLICATIONS. [June, 1911.] 


Sratto (J. B.). Die Begriffe und Theorie der modernen Physik. Ueber- 
setzt von H. Kleinpeter. Mit einem Vorwort von E. Mach. Leipzig, 
Barth, 1911. M. 8.00 

Srruve (G.). Die Darstellung der Pallasbahn durch die Gauss’sche 
Theorie fiirden Zeitraum 1803 bis 1910. Berlin, 1910. 4to. 54 pp. 


Supxis (S.). Der Einfluss der Koppelung beil angsamen ungedimpften 
Schwingungen. Braunschweig, 1910. 8vo. 31 pp. 

Top (J.). Arithmetical guide for marine engineers. 4thedition. Revised 
and brought up to date. London, Brown, 1911. S8vo. 436 pp. 6s. 

Turron (A. E.H.). Crystallography and practical measurements. Lon- 
don, Macmillan, 1911. 8vo. 960 pp. 30s. 

Vacquant (C.). See Brior (C.). 

Woopwarp (C.J.). A B Cof five-figure logarithms and tables for chemists, 
including electro-chemical equivalents, analytical factors, gas reduction 
tables, and other tables useful in chemical laboratories. New York, 
Spon, 1911. 12mo. 75 pp. $1.00 

Yute (G. U.). An introduction to the theory of statistics. London, 
Griffin, 1911.. 8vo. 390 pp. Os. 6d. 


j 
| 
| 
| 


j 
1 
} 
| 
| 
i 
| 
| 


